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Dynamic finite element analysis of microbeams under amoving
mass based on refined higher-order shear deformation theory

Vu Nam Pham1, An Ninh Thi Vu2,*

ABSTRACT
The dynamic behavior of microbeams with rectangular cross section under action of a moving
mass is studied in the present paper in the framework of a refined higher-order shear deformation
beam theory. The modified couple stress theory (MCST) with only one additional scale parameter
is adopted to describe the influence of the microsize effect on the dynamic response of the mi-
crobeams. A finite element formulation with ten degrees of freedom is formulated and used to
establish the discretized equation of motion for the microbeams. The formulation, taking into ac-
count the influence of the inertial effect, the Coriolis and centrifugal forces resulted from the mass
moving, is derived from the expressions of the elastic and kinetic energies of the microbeams. The
accuracy and efficiency of the derived formulation are confirmed by comparing the result obtained
in the present work with the published data. The dynamic response of the microbeams with sim-
ply supported ends, such as the curves for dimensionless mid-span deflection-moving time rela-
tionship, the dynamic magnification factors (DMFs) and the thickness distribution of stresses are
assessed by using an implicit Newmark method. The obtained numerical results reveal that the
material length scale parameter which is introduced in the MCST has an important role on the dy-
namic behavior of themicrobeams, and the DMF obtained from the theory incoporating theMCST
is considerably lower than that using the conventional beam theory. It is also shown that the am-
plitude of both the axial stress and shear stress is considerably decreased by the increase of the
material length scale parameter. A numerical study is carried out to highlight the influence of vari-
ous parameters such as the moving mass velocity and the the ratio of the total beam length to its
height on the dynamic response of the microbeams.
Key words: Microbeam, refined higher-order shear deformation beam theory, MCST, moving
mass, finite element dynamic analysis

INTRODUCTION
In recent years, beam-type microstructures, whose
characteristic dimensions are measured in a micro-
meter scale, have wide application in the micro-
electro-mechanical system (MEMS) 1. Therefore,
studies on the behavior of microbeams are of great in-
terest. Theories of the classical continuum mechan-
ics, however, cannot model the size dependence of
the deformation behavior in the microbeam due to
the lack of a material length scale parameter2–4. The
classical couple stress theorywith fourmaterial length
scale parameter proposed in 60s of the last century
can model the size effect the size effect faces diffi-
culties in implementation. Yang et al.2 modied the
couple stress theory by reducing the scale parame-
ter from four to only one, and this theory, named as
modified couple stress theory (MCST), is widely used
by researchers to study the behavior of microstruc-
tures. Regarding the microbeams, based on MCST
and classical beam theory, Park and Gao3 studied
bending of a cantilever beam. They concluded that

the size effect in the micron scale was significant in
the beam bending problem. Ma et al.4 extended the
work by Park and Gao 3 to the bending and free vi-
bration analysis of Timoshenkomicrobeamwith sim-
ply supported ends. Kahrobaiyan et al.5, Dehrouyeh-
Semnani and Bahrami6 adopted Timoshenko beam
theory andCMST todevelop beamelements for bend-
ing analysis of microbeam. Their numerical finding
showed that the maximum deflections are overesti-
mated by ignoring the influence of size effect.
The moving load/mass problem has attracted great
attention from researchers due to its practical ap-
plication. Therefore, it is crucial to understand the
mechanical behavior of structures excited by moving
loads. The mechanical behavior of the beam under
moving loads has been carried out by variousmethods
such as the modal superposition method 7, Galerkin
method8, Fourier transform technique9, Lagrange
method10, the finite element method 10–12. The
above studies are performed with traditional beams
based on the Euler-Bernoulli/Timoshenko beam the-
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ory, where the velocity of the moving load is mostly
considered to be constant. Some recent reports focus
on small-scale structures excited by the moving load.
Kiani and Mehri13 investigated the vibration of nan-
otubes excited by amoving nanoparticle in the frame-
work of the nonlocal continuum theory of Eringen.
Their investigation showed that the scale parameters
and the moving nanoparticle velocity are important
factors that significantly influence the maximum dy-
namic deflection of the nanotube structures. Based on
the nonlocal Euler-Bernoulli beam theory, Şimşek 14

investigated the dynamic responses of a simply sup-
ported single-walled carbon nanotube subjected to a
moving harmonic load. The dynamic behavior of the
Timoshenko microbeam under a moving load was
studied by Esen 15 using a MCST based finite element
procedure. The author developed a simple finite ele-
ment formulation with only four degrees of freedom
by using the solution of the homogeneous equilibrium
equations as the shape functions for study the influ-
ence of material size parameter and the load velocity
on the beam dynamics. Esen et al.16 used the same
method in Esen 15 to investigate the vibration behav-
ior of perforated microbeams traversed by moving
load/mass. The parabolic shear deformation theory
was employed in combination with MCST by Zhang
and Liu17 to study the forced vibration of porous mi-
crobeam excited by amoving harmonic load. Thema-
terial of the beam is assumed to be graded in the thick-
ness direction by a power-law distribution.
In this paper, the dynamic response of microbeams
traversed by a moving mass is studied in the frame-
work of the higher-order shear deformation beam
theory and the finite element method. The MCST is
adopted to model the size effect of the microbeams.
Energy expressions for the beams and the moving
mass are derived and used to derive a finite element
formulation with ten degrees of freedom. The dis-
cretized equation of motion is established and solved
by a direct integraation Newmark method. Numeri-
cal investigations are presented to show the effects of
various factors such as the material length scale pa-
rameter, the moving mass velocity as well as the beam
geometry on the dynamics of the microbeams.

THEORETICAL FORMULATION
Figure 1 shows a microbeam with length L , simply
supported ends subjected to a moving mass m. In
the figure, the beam cross section is considered to be
rectangular with sizes (b×h), and xm is the current
abscissa of the mass m, measured from the left sup-
port. It is asumed that the velocity of the mass m is
unchanged during the mass moving from the left end

to the right end of the beam. In addition, the mass
is always in contact with the beam during it is on the
beam. The plane (x,y) of the Cartesian coordinate sys-
tem (x,y,z) in Figure 1 is identical to the beam mid-
plane, while the z-axis directs upward.

Figure 1: A simply supported microbeam under a
moving mass

According to the refined higher-order shear defor-
mation theory,18 the displacements, ux(x,z,t) and
uz(x,z,t), in the x- and z-direction, respectively, of a
point in the beam are of the forms

ux (x,z, t) =
u(x, t)− zwb,x (x, t)− f (z)ws,x (x, t) ,
uz (x,z, t) = wb (x, t)+ws (x, t)

(1)

where is the displacement in x-direction of the point
on the x-axis; wb and ws are, respectively, bending
part and shear part of the transverse displacement; t is
the time variable, and f (z) is the section shape func-
tion of the axial displacement, and it is of the form

f (z) =
4z3

3h2
(2)

The subscript comma in Eq. (1) and hereafter indi-
cate the derivative with respect to the variable which
follows.
The microsize elfect is modelled herein by using the
MCSTof Yang et al.2. In this regard, the elastic energy
of the microbeam is given by

U =
1
2

∫
v

(
σi jεi j +mi jχi j

)
dV, i, j = x,y,z (3)

In the above equation, 0the sum is performed on re-
peated indices; V is the volume of the beam; σ i j , ε i j ,
mi j and χ i j are, respectively, the components of the
stress and strain tensors, deviatoric part of the couple
stress tensor and symmetric curvature tensor. These
componeents are defined á follows

σi j = λεkkδi j +2Gεi j, εi j =
1
2
(
ui, j +u j,i

)
,

mi j = 2l2Gχi j, χi j =
1
2
(
θi, j +θ j,i

) (4)

with ui (i=x,y,z) is the displacement in the i direction;
l is amaterial length scale parameter; λ = EV

(1+v)(1−2v)
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and G = E
2(1+v) are Lame’s constants, in which E is

elastic modulus, and υ is Poisson’s ratio; θ i is the
components of the rotation vector and it is given by

θ =
1
2

ei jkuk, j (5)

where ei jk is a Levi-Civita system that allows to deter-
mine the sign in the permutation in tensor analysis.
From Eq. (1) and Eqs. (4)-(5), the elastic energy U in
Eq. (3) can be recast in the form

U =
1
2

∫ L

0

∫
A

(
σxxεxx +2σxzεxz +2mxyχxy

)
dA

=
1
2

∫ L

0
(A11u2

,x −A12u,xwb,xx +A22w2
b,xx−

2A13u,xws,xx +2A23u,xws,xx +A33w2
s,xx

+2B11w2
b,xx +2B12wb,xxws,xx +B22w2

s,xx

+D11w2
s,x)dx

(6)

in which A=bxh is denotes the area of the beam cross
section; A11, A12, A22, A13, A23, A33, B11, B12, B22

andD11 are the rigidities of the microbeam which are
defined as

(A11, A12, A22, A13, A23, A33)

= b(λ +2G)
∫ h/2
−h/2

[
1,z,z2, f (z) ,z f (z) , f 2 (z)

]
dz

(B11,B12,B22)

=
bl2G

2

∫ h/2

−h/2

{
1,
[

1+ f,z (z) ,
1
2
[1+ f,z (z)]

2
]}

dz

D11 = bG
∫ h/2
−h/2

{(
1− 4z2

h2

)
+

[
l f,zz (z)

2

]2
}

dz

(7)

The kinetic energy T of themicrobeam is of the form

T =
1
2

∫ L

0

∫
A

ρ
(
.
u2

x +
.
u2

z

)
dAdx (8)

where ρ denotes the mass density, and the over-dot in
the equation and hereafter denotes the partial deriva-
tive with respect to the time variable. Using Eqs. (1)
and (2), the kinetic energy in (8) can be rewritten in
the following form

T =
1
2

∫ L

0
{I11

[
.
u2

+
( .
wb +

.
ws

)2
]
−2I12

.
u
.
wb,x

+I22
.
w2

b,x −2I13
.
u
.
ws,x +2I23

.
wb,x

.
ws,x

+I33
.
w2

s,x}dx

(9)

where I11, I12, I22, I13, I23 and I33 are the mass mo-
ment coefficients of the beam, and they are defined as

(I11, I12, I22, I13, I23, I33)

= bρ
∫ h/2
−h/2

[
1,z,z2, f (z) ,z f (z) , f 2 (z)

]
dz

(10)

Thepotential energy of themovingmass is given by11

Vm =−
∫ L

0
[
(
mg−m

..
uz −2mv

.
uz,x −mv2uz,xx

)
uz (x, t)

−m
..
uu(x, t)]δ (xm − vt)dx

(11)

In the above equation, g represents the gravity accel-
eration; m

..
u and m

..
uz are the inertia forces in the axial

and transverse directions, respectively; 2mv
.
uz,x is the

Coriolis force; mv2uz,xx is the centrifugal forces; and
δ (.) denotes the Dirac delta function.

SOLUTIONMETHOD
The present work employs the finite element method
to compute the dynamic characteristics resulted from
the moving mass. To this end, a finite element model,
namely a two-node beam element is derived in this
section. Denoting le as the length of a generic ele-
ment. The element has ten degrees of freedom with
the vector of nodal displacement d of the form

d
10×1

=
{

du dwb dws

}T
(12)

with du,dwb and dws are, respectively, the nodal dis-
placement vectors for the u, wb and ws. These vectors
are represented as follows

du =
{

u1 u2

}T
,

dwb =
{

wb1 wb1,x wb2 wb2,x

}T

dws =
{

ws1 ws1,x ws2 ws2,x

}T

(13)

where ui, wbi, wbi,x, wsiand wsi,x (i = 1;2) are the
nodal values of u, wb, wb,x, ws and ws,x at the two
nodes, respectively; In Eq. 9130 and hereafter the su-
perscript “T” indicates the transpose of a vector or a
matrix. Interpolations are now needed to introduce
for the axial and transverse displacements as

u = Ndu, wb = Hdwb , ws = Hdws (14)

whereN=[N1 N2],H=[H1H2H3 H4] withN1 andN2

are Lagrange polynomials, and H1, H2, H3, H4 are
Hermite polynomials.
With the introduced interpolations, one can rewrite
the elastic energy of the microbeam in Eq. (6) in the
following matrix form

U =
1
2

ne
ΣdT ked (15)

where ne is the number of elements needed to dis-
cretize the beam; and ke is the stiffness matrix of the
element, and it can be written in sub-matrices as

ke
10×10

=

 kaa kab kas

(kab)
T kbb kbs

(kas)
T (kbs)

T kss

 (16)

The sub-matrices kaa, kbb and kss in Eq. (16) repre-
sent the element stiffness matrices resulted from the
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axial stretching, bending and shear deformation, re-
spectively. These sub-matrices are defined as

kaa
2×2

=
∫ le

0 NT
,xA11N,xdx, kbb

4×4
=

∫ le
0 HT

,xx (A22 +2B11)H ,xxdx,
kss
4×4

=∫ le
0
[
HT

,xx (A33 +B22)H ,xx +HT
,xD11H ,x

]
dx

(17)

The submatrices kab, kas and kbs in (16) are,
respectively, the stiffness matrices due to the axial
stretching-bending, axial stretching-shear, bending-
shear coupling effects, and they have the following
forms

kab
2×4

=−
∫ le

0 NT
,x A12H,xxdx,

kas
2×4

=−
∫ le

0 NT
,x A13H,xxdx,

kbs
4×4

=
∫ le

0 HT
,xx (A23 +B12)H,xxdx

(18)

Similarly, the kinetic energy of themicrobeamdefined
by Eq. (9) can also be written in a matrix form as

T =
1
2

ne
Σ

.
d

T
me

.
d (19)

which the mass matrix of the element me can be
rewritten in the form

me
10×10

=

 maa mab mas

(mab)
T mbb mbs

(mas)
T (mbs)

T mss

 (20)

where

maa
2×2

=
∫ le

0 NT I11Ndx,

mbb
4×4

=
∫ le

0
(
HT I11H +HT

,xI22H ,x
)

dx,

mss
4×4

=
∫ le

0
(
HT I11H +HT

,xI33H ,x
)

dx,

mab
2×4

=−
∫ le

0 NT I12HT
,xdx,

mas
2×4

=−
∫ le

0 NT I13HT
,xdx,

mbs
4×4

=
∫ le

0
(
HT I11H +HT

,xI23H ,x
)

dx

(21)

The potential energy given by Eq. (11) can be written
as follows

Vm =
ne
Σ(

..
d

T
mm

..
d+

.
d

T
cm

.
d +dT kmd −dT f m)

(22)

with mm, cm and km represent the element mass,
damping and stiffness matrices caused by the influ-
ence of the inertia, Coriolis force and the centrifugal
force of themass; f m is the element vector of the exter-
nal load, and it is time dependent. The detail expres-
sions of these matrices and vector are given below

Mm
10×10

= m

NT N 0 0
0 HT H HT H
0 HT H HT H


xe

, (23)

cm
10×10

= 2mv

0 0 0
0 HT H ,x HT H ,x

0 HT H ,x HT H ,x


xe

, (24)

km
10×10

= mv2

0 0 0
0 HT H ,xx HT H ,xx

0 HT H ,xx HT H ,xx


xe

, (25)

and

f m
10×1

= mg
[
0 HT HT

]T

xe
(26)

In Eqs. (23)-(26), the notation [.]xe indicates that the
quantity inside the square brackets [.] is evaluated at
xe the current abscissa of the mass m. This abscissa
is calculated from the left node of the element. It is
worthy to note that the element matrices mm, cm, k
m and the force vector fm are all zeros for all ele-
ments except for the element that currently contains
the moving mass.
By asembling the elementmatrices and vector into the
global ones, one can establish the discretized equation
of motion for the vibration analysis of the microbeam
under a moving mass in the following form

(M+Mm)
..
D+Cm

.
D+(K +Km)D = F (27)

In the above equation, D,
.

D and
..
D denote the struc-

tural vectors of nodal displacements, nodal veloci-
ties and nodal accelerations, respectively; M, Mm are
the structural mass matrices, resulted from assem-
bling the element matrices me,m m, respectively; Cm,
K, Km and F are the structural matrices and vector,
which are result of assembling the matrices c m, ke,
km and f m over the elements, respectively. In the
present work, an implicit direct integration method,
namely the average acceleration method of the New-
mark family of methods with Newmark parameters
β=1/4, γ=1/219 is adopted in solving Eq. (27). This
implicit method ensures the unconditional conver-
gence of the numerical algorithm, and its details can
be found in the textbook19.

NUMERICAL RESULTS AND
DISCUSSION
This section performs numerical investigations to
study the dynamic behavior of the microbeam sub-
jected by the moving mass. The beam considered
herewith is made from Aluminum (Al) with the ma-
terial data are as follows: E=70 GPa, ρ=2702 kg/m3,
υ=0.3. The geometrical parameters of the beam are
defined as17: h=10 µm and b=1 µm. For the con-
venience of discussion, the dimensionless parameters
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represented the dynamic magnification factor (DMF
- Dd), the mass ratio (rm) and the mass velocity (β )
are used

Dd = max
(

w(L/2, t)
wst

)
,

rm =
m

ρAL
, β =

v
V1

, V1 =
Lω1

π

(28)

where wst=mgL3/(48EI) is the static deflection of the
beamunder action of the loadmg at themid-span; ω1

is the first natural frequency of the microbeam. The
microbeam is assumed to be simply supported at both
two ends.
The derived beam element should be validated to en
ure its accuracy. In Table the fundamental frequency
parameters of a macro beam obtained herein by set-
ting l=0 are compared with the analytical solution ob-
tained by Sina et al.20. The frequency parameters are
calculated for a beam with L/h=(10, 30, 100). It can
be observed from Table 1 that the frequency parame-
ters obtained by the present method agrees well with
the referenced data, regardless of the length-to-height
ratio.
Table 2 compares the dynamic magnification factors
of amacro beam (l=0) traversed by amoving loadwith
various values of the speed parameter obtained in the
present work with the finite element solution of Ols-
son21. It is necessary to note that the DMFs obtained
byOlsson21 are based on the classical Euler-Bernoulli
beam theory. A good agreement between the result of
the present paper with that of Olsson21 can be noted
from Table 2.
Table shows 3 convergence of the present beam el-
ement in computing DMFS of the microbeam sub-
jected to the moving mass for rm=0.5, β=0.1 and
different values of the dimensionless material length
scale parameter l/h aa well as the length-to-height ra-
tio L/h. One can see from the table that the conver-
gence of the present element is relative fast, and the
used of 14 elements ensures the convergence, irre-
spective of the values of l/h and L/h. Because of this
convergence, 14 elements are used for all the compu-
tations below.
The effects of the mass ratio rm, dimensionless mi-
croscale parameter l/h and length-to-height ratio
L/h on the dynamic magnification factor Dd of mi-
crobeam are given in Table 4 for a velocity parame-
ter β=0.2. It can be seen from Table 4 that the factor
Dd increases by increasing rm and decreasing l/h, re-
gardless of the length-to-height ratio L/h. The effect
of the length-to-height ratio L/h on the factor Dd is
more signification with values of L/h smaller than 20,
regardless of the mass ratio and scale parameter.

The curves of dimensionless moving mass time ver-
sus the mid-span deflection of the microbeam are de-
picted in Figure 2 for L/h=20, rm=0.5 and various val-
ues of the velocity ratio β and microscale parameter
l/h. It is evident that both speed parameter β and mi-
croscale parameter l/h have a significant effect on the
mid-span deflection. The mid-span deflection of the
microbeam declines when increase the value of mi-
croscale parameter l/h, irrespective of the speed ratio.
Thus, the traditional beam theory which ignores the
size effect results in an overestimation of the dynamic
deflection of the microbeam. The figure also shows
that the maximum mid-span deflection of the beam
is larger when it is under a mass moving with a higher
velocity, regardless of the value of the microscale pa-
rameter l/h.
The variation of the DMF Dd with the moving mass
velocity parameter β of themicrobeam is displayed in
Figure 3 for a length-to-height ratio L/h=20 and dif-
ferent values of the mass ratio rm and the microscale
parameter l/h. The dynamic magnification factor Dd

in the figure undergoes a repeatedly increasing and
decreasing period when increasing the velocity pa-
rameter β , and it then approaches a maximum value.
The influence of the material length microscale pa-
rameter l/h on the dynamic response is clearly seen
again fromFigure 3a, where the factorDd is decreased
by increasing scale parameter l/h, regardless of the
speed parameter. Besides, as expected, we can ob-
serve that the DMF Dd increases when increase the
mass ratio rm (Figure 3b).
The length-to-height ratio L/h versus the dynamic
magnification factorDd of themicrobeam is shown in
Figure 4 for different values of the microscale param-
eter l/h, the mass ratio rm and for a velocity parame-
ter β=0.2. The influence of the length-to-height ratio
on the DMF, as can be seen from Figure 4a, tends to
be less significant when the microsize effect is taken
into consideration. Since the length-to-height ratio
represents the influence of the shear deformation on
behavior of the beam, the ignoring the microsize ef-
fect is not only overestimated the dynamic deflection,
but it is also overestimated the shear deformation ef-
fect of the microbeam. The mass ratio, as seen from
Figure 4b, is hardly changed the relation between the
DMF with the length-to-height ratio, and the influ-
ence of the length-to-height ratio on the dynamics of
the microbeam is more significant for L/h<20.
The distribution of axial and shear stresses in the
thickness direction of the microbeam is respectively
presented in Figure 5 and Figure 6 for L/h=20, rm=0.5,
β=0.1 and various values of the dimensionless scale
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Table 1: Comparison of fundamental frequency parameters of a macro beam

Source L/h=10 L/h =30 L/h =100

Sina et al. 20 2.797 2.843 2.848

Present 2.7977 2.8432 2.8486

Table 2: Comparison of dynamic magnification factor of a macro beam

Sourse B

0.125 0.25 0.5 1

Olsson 21 1.121 1.258 1.705 1.548

Present 1.1300 1.2661 1.7162 1.5640

Table 3: Convergence of the beam element in computing DMF of microbeam (β =0.1, rm=0.5).

l/h L/h ne=4 ne=6 ne=8 ne=10 ne=12 ne=14

0.1 10 0.7935 0.7986 0.7977 0.7972 0.7971 0.7971

50 0.7679 0.7720 0.7715 0.7713 0.7712 0.7712

100 0.7671 0.7713 0.7707 0.7705 0.7705 0.7705

0.5 10 0.4363 0.4388 0.4384 0.4382 0.4381 0.4381

50 0.4274 0.4297 0.4294 0.4293 0.4293 0.4293

100 0.4272 0.4295 0.4291 0.4290 0.4290 0.4290

Table 4: Dynamic magnification factor of themicrobeam for β=0.2.

L/h

rm l/h 10 20 30 50

0.25 0.25 0.7068 0.6918 0.6886 0.6870

0.5 0.4589 0.4513 0.4497 0.4491

1 0.1908 0.1888 0.1884 0.1883

0.5 0.25 0.7505 0.7336 0.7303 0.7287

0.5 0.4863 0.4786 0.4770 0.4763

1 0.2022 0.2003 0.1999 0.1997

1 0.25 0.8402 0.8207 0.8170 0.8150

0.5 0.5440 0.5353 0.5336 0.5327

1 0.2262 0.2240 0.2235 0.2233

parameter l/h. The stresses in these figures are calcu-
lated at the time when the massm arrives at the beam
mid-span. Both the axial stresss and shear stress are
normalized by a compressive stress σ0=mg/(bh), that
is σ xx

∗= σ xx(L/2, z)/σ0, and τxz
∗=τ xz(0, z)/σ0. As

seen from these figures, both the axial and shear stress
are symmetric to themid-plane of themicrobeam, re-
gardless of the value of the microscale parameter l/h.
In addition, all stresses considered herein are signif-
icantly influenced by the microscale parameter, and

an increase of the microscale parameter l/h results in
a decreases of the maximum axial stress and shear
stress.

CONCLUSION
The dynamics of the microbeams subjected to a mov-
ing mass has been investigated in the present work in
the framework of the refined higher-order shear de-
formation theory and the finite element method. The
MCST containing only one microscale parameter is
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Figure 2: Dimensionless moving mass time versus mid-span deflection of the microbeam for L/h=20, rm=0.5

Figure 3: Variation of DMF with velocity parameter of the microbeam for L/h=20.

adopted to model the size effect of the beams. The
discretized equation of motion for the microbeams
was established by using a ten degrees of freedom fi-
nite element formulation. Using the direct integration
Newmark method, the dynamic response such as the
curves for dimensionless time-deflection relation, the
dynamic magnification factors as well as the stresses
of the microbeam were computed. The obtained nu-
merical re ults show that the microsize effect has an
important role on dynamics of the microbeam, and
the classical beam theories which ignore the size ef-
fect leads to an overestimation of the dynamic mag-
nification factors and the dynamic deflections of the
microbeam. Investigations have been carried out to
highlight in detail the effects of various parameters

such as the mass velocity parameter, the mass ratio,
the beam length-to-height ratio on the dynamic be-
havior of the microbeam. We would like to note that
though the numerical investigations have been pre-
sented in this paper for amicrobeamwith simply sup-
ported ends only, the microbem model and the finite
element formulation of the present work are capable
to compute dynamics of microbeams under a moving
mass with other boundary conditions as well.
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Figure 4: Length-to-height ratio versus the DMF of the microbeam for β=0.2

Figure 6: Thickness distribution of shear stress of
the microbeam for L/h=20, rm=0.5, β=0.1

Figure 5: Thickness distribution of axial stress of the
microbeam for L/h=20, rm=0.5, β=0.1

CONFLICT OF INTEREST
There is no conflict of interest.

CONTRIBUTIONOF EACH AUTHOR
Vu Nam Pham: formal analysis, validation, writing
draft.
An Ninh Thi Vu: conceptualization, software, review
and editing, supervision.

REFERENCES
1. Li X, Bhushan B, Takashima K, Baek CW, Kim YK. Me-

chanical characterization of micro/nanoscale structures for
MEMS/NEMS applications using nanoindentation techniques.
Ultramicroscopy. 2003; 97(1-4): 481-494;PMID: 12801705.
Available from: https://doi.org/10.1016/S0304-3991(03)00077-
9.

2. Yang FACM, Chong ACM, Lam DCC, Tong P. Couple stress
based strain gradient theory for elasticity. International jour-
nal of solids and structures. 2002; 39(10): 2731-2743;Available
from: https://doi.org/10.1016/S0020-7683(02)00152-X.

3. Park SK, Gao XL. Bernoulli-Euler beammodel based on amod-
ified couple stress theory. Journal of Micromechanics and Mi-
croengineering. 2006; 16(11): 2355;Available from: https://
doi.org/10.1088/0960-1317/16/11/015.

4. Ma HM, Gao XL, Reddy J. A microstructure - dependent Timo-
shenko beam model based on a modified couple stress the-
ory. Journal of the Mechanics and Physics of Solids. 2008;
56(12): 3379-3391;Available from: https://doi.org/10.1016/j.
jmps.2008.09.007.

5. Kahrobaiyan MH, Asghari M, Ahmadian MT. A Timoshenko
beam element based on the modified couple stress theory.
International Journal of Mechanical Sciences. 2014; 79: 75-
83;Available from: https://doi.org/10.1016/j.ijmecsci.2013.11.
014.

6. Dehrouyeh-Semnani AM, Bahrami A. On size-dependent
Timoshenko beam element based on modified cou-
ple stress theory. International Journal of Engineer-
ing Science. 2016; 107: 134-148;Available from:
https://doi.org/10.1016/j.ijengsci.2016.07.006.

84

https://www.ncbi.nlm.nih.gov/pubmed/12801705
https://doi.org/10.1016/S0304-3991(03)00077-9
https://doi.org/10.1016/S0304-3991(03)00077-9
https://doi.org/10.1016/S0020-7683(02)00152-X
https://doi.org/10.1088/0960-1317/16/11/015
https://doi.org/10.1088/0960-1317/16/11/015
https://doi.org/10.1016/j.jmps.2008.09.007
https://doi.org/10.1016/j.jmps.2008.09.007
https://doi.org/10.1016/j.ijmecsci.2013.11.014
https://doi.org/10.1016/j.ijmecsci.2013.11.014
https://doi.org/10.1016/j.ijengsci.2016.07.006


Science & Technology Development Journal – Engineering and Technology 2023, 5(SI2):77-86

7. Azam SE, Mofid M, Khoraskani RA. Dynamic response of Tim-
oshenko beam under moving mass. Scientia Iranica. 2013;
20(1): 50-56;.

8. Yang Y, Ding H, Chen LQ. Dynamic response to a moving
load of a Timoshenko beam resting on a nonlinear viscoelas-
tic foundation. Acta Mechanica Sinica. 2013; 29(5): 718-
727;Available from: https://doi.org/10.1007/s10409-013-0069-
3.

9. Uzzal RUA, Bhat RB, Ahmed W. Dynamic response of a beam
subjected to moving load and moving mass supported by
Pasternak foundation. Shock and Vibration. 2012; 19(2): 201-
216;Available from: https://doi.org/10.1155/2012/919512.

10. Wang Y, Wu D. Thermal effect on the dynamic response of
axially functionally graded beam subjected to a moving har-
monic load. Acta Astronautica. 2016; 127: 171-181;Available
from: https://doi.org/10.1016/j.actaastro.2016.05.030.

11. Esen I, Koc MA, Cay Y. Finite element formulation and analysis
of a functionally graded Timoshenko beam subjected to an
accelerating mass including inertial effects of the mass. Latin
American Journal of Solids and Structures. 2018; 15;Available
from: https://doi.org/10.1590/1679-78255102.

12. Abdelrahman AA, Ashry M, Alshorbagy AE, Abdallah WS.
On the mechanical behavior of two directional symmetrical
functionally graded beams under moving load. International
Journal of Mechanics and Materials in Design. 2021; 17(3):
563-586;Available from: https://doi.org/10.1007/s10999-021-
09547-9.

13. Kiani K, Mehri B. Assessment of nanotube structures under a
moving nanoparticle using nonlocal beam theories. Journal
of Sound and Vibration. 2010; 329(11) 2241-2264;Available
from: https://doi.org/10.1016/j.jsv.2009.12.017.

14. Şimşek M. Vibration analysis of a single-walled carbon nan-

otube under action of a moving harmonic load based on
nonlocal elasticity theory. Physica E: Low-dimensional Sys-
tems andNanostructures. 2010; 43(1) 182-191;Available from:
https://doi.org/10.1016/j.physe.2010.07.003.

15. Esen I. Dynamics of size-dependant Timoshenkomicro beams
subjected to moving loads. International Journal of Mechan-
ical Sciences. 2020; 175: 105501;Available from: https://doi.
org/10.1016/j.ijmecsci.2020.105501.

16. Esen I, Abdelrahman AA, Eltaher MA. Dynamics analysis of
Timoshenko perforatedmicrobeams undermoving loads. En-
gineering with Computers. 2020; 1-17;Available from: https:
//doi.org/10.1007/s00366-020-01212-7.

17. Zhang Q, Liu H. On the dynamic response of porous func-
tionally graded microbeam under moving load. International
Journal of Engineering Science. 2020; 153: 103317;Available
from: https://doi.org/10.1016/j.ijengsci.2020.103317.

18. Thai HT, Kim SE. A simple higher-order shear deformation
theory for bending and free vibration analysis of function-
ally graded plates. Composite Structures. 2013; 96: 165-
173;Available from: https://doi.org/10.1016/j.compstruct.2012.
08.025.

19. Cook RD, Malkus DS, Plesha ME, Witt RJ. Concepts and Ap-
plications of Finite Element Analysis. John Willey & Sons, Inc.
Hoboken NJ, 2002;.

20. Sina SA, Navazi HM, Haddadpour H. An analytical method for
free vibration analysis of functionally gradedbeams.Materials
and Design. 2009; 30(3): 741-747;Available from: https://doi.
org/10.1016/j.matdes.2008.05.015.

21. OlssonM. On the fundamental moving load problem, Journal
of Sound and Vibration. 1991; 145(2): 299-307;Available from:
https://doi.org/10.1016/0022-460X(91)90593-9.

85

https://doi.org/10.1007/s10409-013-0069-3
https://doi.org/10.1007/s10409-013-0069-3
https://doi.org/10.1155/2012/919512
https://doi.org/10.1016/j.actaastro.2016.05.030
https://doi.org/10.1590/1679-78255102
https://doi.org/10.1007/s10999-021-09547-9
https://doi.org/10.1007/s10999-021-09547-9
https://doi.org/10.1016/j.jsv.2009.12.017
https://doi.org/10.1016/j.physe.2010.07.003
https://doi.org/10.1016/j.ijmecsci.2020.105501
https://doi.org/10.1016/j.ijmecsci.2020.105501
https://doi.org/10.1007/s00366-020-01212-7
https://doi.org/10.1007/s00366-020-01212-7
https://doi.org/10.1016/j.ijengsci.2020.103317
https://doi.org/10.1016/j.compstruct.2012.08.025
https://doi.org/10.1016/j.compstruct.2012.08.025
https://doi.org/10.1016/j.matdes.2008.05.015
https://doi.org/10.1016/j.matdes.2008.05.015
https://doi.org/10.1016/0022-460X(91)90593-9


Tạp chí Phát triển Khoa học và Công nghệ – Engineering and Technology 2023, 5(SI2):77-86

Open Access Full Text Article

1Trường Đại học Thuỷ lợi, 175 Sơn Tây,
Đống Đa, Hà Nội
2Trường Đại học Giao thông Vận tải, số
3 Cầu Giấy, Đống Đa, Hà Nội

Liên hệ

Vũ Thị An Ninh, Trường Đại học Giao thông
Vận tải, số 3 Cầu Giấy, Đống Đa, Hà Nội

Email: vuthianninh@utc.edu.vn

Lịch sử
• Ngày nhận: 20-4-2023
• Ngày chấp nhận: 13-9-2023
• Ngày đăng: 31-12-2023

DOI : https://doi.org/10.32508/stdjet.v6iSI6.1096 

Bản quyền
© ĐHQG Tp.HCM. Đây là bài báo công bố
mở được phát hành theo các điều khoản của
the Creative Commons Attribution 4.0
International license.

Phân tích phần tử hữu hạn động lực học của dầmmicro chịu khối
lượng di động sử dụng lý thuyết biến dạng trượt bậc cao cải biên

Phạm Vũ Nam1, Vũ Thị An Ninh2,*

TÓM TẮT
Bài báo này nghiên cứu ứng xử động lực học của dầmmicro với mặt cắt ngang hình chữ nhật chịu
tác động của khối lượng di động trong khuôn khổ lý thuyết biến dạng trượt bậc cao cải biên. Lý
thuyết ứng suất cặp cải biên (MCST) chứa một tham số kích cỡ được sử dụng để mô tả ảnh hưởng
của hiệu ứng kích thước micro lên đáp ứng động lực học của dầm. Công thức hần tử hữu hạn
mười bậc tự do được xây dựng và sử dụng để thiết lập phương trình chuyển động rời rạc cho dầm
micro. Công thức, có tính đến ảnh hưởng của lực quán tính, lực Coriolis và lực ly tâm do khối lượng
di động, được xây dựng từ các biểu thức năng lượng biến dạng và động năng của dầmmicro. Độ
chính xác và tính hiệu quả của công thức đưa ra được khẳng định bằng cách so sánh các kết quả
nhận được trong bài báo với các kết quả trong tài liệu đã có. Đáp ứng động lực học của dầmmicro
với biên tựa hai đầu như: đường cong giữa độ võng dầm không thứ nguyên – thời gian, hệ số
động lực học (DMFs), sự phân bố ứng suất theo chiều dầy dầm được đánh giá bằng phương pháp
Newmark ẩn. Các kết quả số thu được cho thấy tham số kích cỡ vật liệu, trong MCST, đóng vai trò
quan trọng đối với ứng xử động lực học của dầmmicro, và DMF nhận được từ lý thuyết kết hợp với
MCST thấp hơn đáng kể so với DMF nhận được từ lý thuyết dầm truyền thống. Kết quả cũng chỉ
ra rằng biên độ của ứng suất dọc trục và ứng suất trượt giảm đáng kể khi tăng tham số kích cỡ vật
liệu. Nghiên cứu số được thực hiện để làm rõ ảnh hưởng của các tham số khác như vận tốc khối
lượng di động và tỷ số giữa độ dài dầm và chiều cao tới đáp ứng động lực học của dầmmicro.
Từ khoá: Dầm micro, lý thuyết biến dạng trượt bậc cao cải biên, MCST, khối lượng di động, phân
tích phần tử hữu hạn động lực học
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chịu khối lượng di động sử dụng lý thuyết biến dạng trượt bậc cao cải biên. Sci. Tech. Dev. J. - Eng. 
Tech. 2023, 5(SI2):77-86
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