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ABSTRACT
Wheel mobile robots have been widely applied to many areas of life, from serving people in ser-
vices and industrial logistics to military fields. Applications of wheeled mobile robots such as floor
cleaning robots, supermarket robots, logistics robots in hospitals, autonomous robots that guide
automatic guidance in intelligent factories, military robots and agricultural robots. Thereby, we can
see the great potential of mobile robots in the future. However, among the wheel mobile robots,
the differential-drive mobile robot structure is most commonly used because of its simplicity in
structure and control. Nevertheless, the navigation and driving are done synchronously through
the two drive wheels, which leads to slippage and difficulty in controlling posture errors when nav-
igating, especially on roads curved with a small radius. In order to overcome the disadvantages of
the steering and navigation of differential-drive mobile robots, the structure of the automobile has
been applied to design a wheel-mobile robot called a car-like robot. Many studies have shown that
the advantage of this design option is that the navigation control and robot drive are separated.
As a result, the dynamic control loop can ignore the navigation part, while the kinematic model
determines the navigation law. Therefore, the work proposes the design of a PID controller with
time-varying parameters for a car-like robot to track a given trajectory with minimum error. The
nonlinear kinematic model of the robot is linearized along a reference trajectory, and the obtained
linear model is used in the controller design process. A PID controller is designed where the con-
troller parameters are tuned to minimize the tracking error. Our model achieves a tracking error
value, including the minor position is 5.1 mm, and the maximum postural error is 2o . The simula-
tion results showed the proposed controller's effectiveness in position and posture errors, and it
shows we can apply this research to control car-like mobile robots in logistics services.
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INTRODUCTION
Nowadays, mobile robots have been integrated into
modern manufacturing and hospital systems as an
unmanned transportation system of automated trans-
fer and distribution equipment. This is among the
most dominant trends in today’s smart systems due
to low operational costs and great efficiency 1–6. Nev-
ertheless, car-like robots are among wheeled mobile
robots used in transportation and service systems7,8.
Therefore, the car-like robot is still a topic of inter-
est to many researchers in recent years. Including the
work of Shui et al9 have combined fuzzy neural net-
works and predictive control to control the car-like
robot without being dependent on the robot model.
Kwon et al 10 proposed a novel trajectory planner for
car-like robots by utilizing the workspace tree and the
state tree for feasible trajectory generation. Joseph
et al11 have time-optimal control for a car-like robot
with the full kinematic model for the steering front-
wheels state variables. Mohamed et al.12 processed

path-following position error and the required mag-
nitude of input velocities to the car-like robot by dig-
ital control. Xuehao et al.13 have developed a hy-
brid motion planning with a smooth velocity curve
for the car-like robots to achieve optimal path and
emergency dynamic obstacle avoidance. Narcis et
al14 proposed a solution for planning and control-
ling a car-like robot in environments cluttered has ob-
stacles with low computational cost. Camilo et al 15

propose a control strategy for car-like robots, specif-
ically developing the obstacles avoidance and posi-
tion control to reach the desired position of the robot
in an unknown environment by integrating potential
fields with neuroevolution controllers and trained us-
ing a designed training environment. Zhang et al. im-
proved the A* hybrid algorithm to find a feasible path
plan of the spherical robot with smoothing curves and
adding speed limit to the entire path tight bends and
small. On that basis, compare theminimal turning ra-
dius of the spherical robot with the differential drive
robot and the car-like robot16. Avinesh et al.17 have
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proposed a solution to motion planning and control
of a car-like robot in a randomized multiple obstacles
workspace by a single-layer artificial neural network.
Another study has proposed motion planning for a
mobile robot to move in an environment with many
randomobstacles based on the geometric relationship
between the environment and the robot18.
It shows that the research of car-like robots focuses
on solving the following problems: (i) Path planning
and smoothing of bends; (ii) Designing various mod-
ern controllers to improve the robot’s path tracking
with minor errors. Meanwhile, robot control is one
of the important problems determining the accuracy
and stability of the robot’s position and poses dur-
ing path tracking. Thus, some other studies have fo-
cused on the design of path tracking controllers for
mobile robots such as state feedback controllers19–23;
Improve the traditional PID controller by combining
with other advanced controllers24–27 etc. Although
many researchers studied control design and devel-
opment with different controllers, the PID controller
is one of the most used controllers for the mobile
robot because of its simplicity, ease of implementa-
tion, and widely used in industries. However, using
time-invariant parameter PID control can achieve sta-
bility and tracking control, but accuracy is not high
because the system is still time-varying.
To tackle the tracking problems, a PID controller
whose parameters vary as a function of the tracking
errors in our previous work28 is presented in this pa-
per for the car-like robot. Which primarily ensures
that the car-like robot adheres to its predefined de-
sired path is complex, with the velocity continuously
changing. On the other hand, to suddenly avoid the
robot velocity changes, as shown above, the NURBS
curve is used to design the simulation path for the
robot to verify the effectiveness of the proposed con-
troller.
The structure of this paper is as follows: First, the
robot’s nonlinear kinematic model was established,
thereby establishing the error equation for the robot’s
position and pose. On that basis, linearizing the
nonlinear model along the reference trajectory uses
the first-order Taylor transform. Secondly, the time-
varying PID controller was designed where the con-
troller gains are the functions of the tracking error
when the robot moves along the desired path. In the
end, the desired path was designed using NURBS ra-
tional interpolation for simulation to verify the path-
tracking performance of the designed controller.

KINEMATICMODEL
Attach a fixed coordinate system ϑ f {O f x f y f } in the
plane of motion, simultaneously consider a car-like
robot moving along any trajectory ξ in the ϑ f as
shown in Figure 1. The robot’s movement is con-
trolled by two rear wheels through a set of reduction
gearbox with a servo motor, while the robot’s steering
is performed by the front steering shaft control with
a caster wheel. The passive castor wheels which have
the ability to rotate in any direction is placed in the
front of the robot to preserve its equilibrium.

Figure 1: Geometric relationship of the car-like
robot with an environment.

The assumption: the wheels roll on the ground with
no slipping and the robot has no sideway motion.
With the conventional symbols shown in Figure 1, let
α(t) be the steering angle and d the distance from the
front wheel to the rear wheel, then:

tgα (t) =
d

ρ (t)
(1)

in which, ρ(t) = IG is the instantaneous velocity cen-
ter radii I when the robot is following the the desired
trajectory ξ .
Considering the coordinate system ϑ R{GRxRyR}
mounted at G on the robot, then the velocity of point
G is given by:

V (t) = ρ (t)Ω(t) (2)

From formulas (1) and (2), the angular velocity Ω(t)
of the robot is defined as:

Ω(t) =
V (t)

d
tgα (t) (3)
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Thus, the system of kinematic equations of the robot
in the coordinate system ϑR is described by:

.
xR (t) =V = rω2 (t)

.
yR (t) = 0

.
φR (t) = Ω(t) =

rω2 (t)
d

tgα (t)
(4)

Wherein,V (t) =V2 (t) = rω2 (t)withω2 is the angu-
lar velocity of the rear wheels and r is the wheel radius.

Let q(t) =
[
x(t) y(t) φ (t)

]T
be the position and

pose positioning vector at point G of the robot in the
coordinate system ϑ f associated with the moving en-
vironment. The kinematic equation of the robot is
given by:

.
q(t) =

[
.
x(t)

.
y(t)

.
φ (t)

]T
= M

[
V (t)
Ω(t)

]
(5)

With M =

cosφ (t) 0
sinφ (t) 0

0 1


CONTROLLER DESIGNMETHOD

Kinematic error model

Let qd (t)=
[
xd (t) yd (t) φd (t)

]T
be the vector of

the desired position and pose of the robot in the coor-
dinate system ϑ f , and e is the position error between
the desired value and the control value. Indeed, we
have:

e(t) = qd (t)−q(t) =
[
ex ey eφ

]T
(6)

Transforming equation (6) from the coordinate sys-
tem ϑ f to the coordinate system ϑR mounted on the
robot, we have:

er =
[
exr eyr eφr

]T
= RT e (7)

Wherein R(φ (t)) =

cosφ (t) −sinφ (t) 0
sinφ (t) cosφ (t) 0

0 0 1


The derivative of equation (7), after reduces then the
robot’s nonlinear error model is given as:

.
er =

 0 Ω(t) 0
−Ω(t) 0 0

0 0 0


exr

eyr

eφr


+

coseφr 0
sineφr 0

0 1

[
Vd (t)
Ωd (t)

]
+

−1 0
0 0
0 −1

[
VG (t)
Ω(t)

] (8)

PID controller design
Linearizing the nonlinear equation (8) by first-order
Taylor transformation around the working point, we
have a linear error model of the system:

.
exr
.
eyr
.
eφr

=

 0 Ωd (t) 0
−Ωd (t) 0 Vd (t)

0 0 0


exr

eyr

eφr

+

1 0
0 0
0 1

[
eV

eΩ

] (9)

Where eV , eΩ are the robot’s velocity and angular ve-
locity errors, respectively.
Let u1, u2 be the two control variables, respectively.
In which u1=eV=Vd(t)-V(t), u2= eΩ=Ωd(t)-Ω (t) and
the control law is defined as29:

eV = Kpxexr +Kix
∫

exrdt +Kdx
dexr

dt
eΩ = Kpyeyr +Kix

∫
eyrdt +Kdy

deyr

dt
+B

(10)

wherein B = Kpφ eφr +Kiφ
∫

eφrdt +Kdφ
deφr
dt

With the controller gainsKP,KI ,KD are the functions
depend on the error es when the robot moves along
the desired trajectory xd and are determined by the
following equation30,31:

KP = a1 +a2es

KI = b1 −b2es

KD = c1 + c2es

(11)

From formula (9), the control law (10) and control pa-
rameters (11), the block diagram of the robot’s con-
troller as shown in Figure 2.
In the control system in Figure 2, the transform block
is defined by equation (7), the PID controller with
the control law given by equation (10), the kinematic
block is defined by equation (5) with es =

√
e2

x + e2
y is

the error function of the robot’s motion when path
tracking xd . Meanwhile, the coefficients ai, bi and ci

(i = 1,2) are positive real constants dependent on es.

SETTING PARAMETERS
Motion trajectory design
At present, there have been many different solutions
to design motion paths for mobile robots, as pre-
sented in the introduction. In this content, to gener-
alize and smooth the motion trajectory to prevent the
robot from having sudden velocity changes at bends,
we choose the NURBS curve as the solution to de-
sign the desired motion trajectory of the robot.4,20,22.
Figure 3 shows the desired path xd of the robot after
performing NURBS interpolation onMatlab software
with grid nodes Ai (i= 1-10).
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Figure 2: Block diagram of path tracking control for the car-like robot by the variable parametric PID controller.

Figure 3: The NURBS path of the robot.

Settingmotion parameters
The time-varying velocity Vd(t) of the robot is deter-
mined in terms of the desired path xd as follows:

Vd (t) =
△S
△t

=

√
(xi − xi−1)

2 +(yi − yi−1)
2

ti − ti−1

(12)

WithVdmax = 0,4 m/s is the maximum velocity of the
robot setup. The desired angular velocity Ωd of the
robot when moving on curved arcs is:

Ωd (t) =
Vd (t)
ρd (t)

(13)

Where, ρi (t)∈ [ρmin,ρmax] is the radii of curvature of
the desired path ξd with i= 1,2 ..n and is defined:

ρi =

∣∣∣∣∣∣∣∣∣∣
(
.
x2

i +
.
y2

i

)3
2

.
xi
..
yi −

..
xi

.
yi

∣∣∣∣∣∣∣∣∣∣
(14)

Wherein:{ .
xi =

△x
△t = xi−xi−1

ti−ti−1
.
yi =

△y
△t =

yi−yi−1
ti−ti−1

;


..
xi =

△
.
x

△t =
.
xi−

.
xi−1

ti−ti−1
..
yi =

△ .
y

△t =
.
yi−

.
yi−1

ti−ti−1

With△t = 1 (s) .

Determine the coefficients of the controller
gains
With the dimensions of the robot: (i) Distance be-
tween 2 wheels L = 400mm; (ii)Thedistance between
the two rows of wheels d = 600mmand (iii)Thewheel
radius r = 50 mm as the design shown in Figure 4.
Thus, the coefficients ai, bi, ci of the gains KP, KI , KD

given by the Eq (11) are determined by trial and error
technique so that the mean error es is minimal when
the robot follows the desired path xd . The investiga-
tion results show the coefficients ai, bi, ci in Table 1.
Figure 5 is the investigation results of the time-
varying control parameter when the robot tracks the
desired path xd according to the error function eswith
the coefficients that have been chosen in Table 1.

SIMULATION RESULTS AND
DISCUSSION
Figure 6 compares the desired path versus the motion
trajectory of the robot when controlled by the time-
varying PID controller. The orange line is the con-
trolled trajectory and the blue line is the desired path.
In Figure 6, the positions numbered 1 to 6 are inflex-
ion points on the moving desired path at which the
robot changes direction.
Thus, the robot changes the linear and angular veloc-
ities along the path.
As a result, the inflexion points are those with more
significant errors on the moving trajectory of the
robot.
Figure 7 describes the position and pose errors of the
robot when the robot follows the trajectory desired
path xd . The simulation results in Figure 6 and Fig-
ure 7 verify that the robot followed the trajectory with
minor errors. The maximal position error is approx-
imately 5.1 mm at position 1 (see Figure 6). Cause at
position 1, the robot reaches the maximum velocity
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Figure 4: Structural design of the robot.

Table 1: The coefficients of the parameters KP, KI , KD.

a1 a2 b1 b2 c1 c2

0.001 0.001 0.001 0.310 0.001 0.001

V=0.4 m/s and gradually decreases to track the de-
sired path Figure 8 verify this. Also, the pose error of
the robot is the largest at points 3, 4, 5, 6, these are in-
flexion points with smaller radii, and the largest pose
error is approximately 2o.
The above results verified the simplicity and efficiency
of the designed time-varying PID controller.
Figure 8 below shows the linear and angular velocities
of the robot when the robot moves along the desired
path shown in Figure 3 with the position and pose er-
rors described in Figure 7. Meanwhile, Figure 9 shows
the steering shaft velocity and the angular velocity of
the driving wheels for the robot follows the desired
trajectory.

Figure 8 and Figure 9 show that the shaft velocities are
controlled symmetrically in two arcs: The first arc: 2
-> 3 -> 4 -> 1 and The second arc 1 -> 5 -> 6 – > 2.
In which, the orange line is the theoretical calculation
and the blue line is the controlled value.

CONCLUSIONS
The above theoretical and simulation research results
achieved the following: (i) A trajectory-tracking PID
controller with time-varying parameters for a car-like
mobile robot was designed and simulated. The pro-
posed controller with a simple structure can track the
desired trajectory with a small tracking error. Sim-
ulation results were presented and showed the excel-
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Figure 5: The time-varying control parameters.

Figure 6: The tracking of the robot for the NURBS
path.

Figure 7: The position and pose errors of the robot
when tracking the reference path.

Figure 8: The linear and angular velocities of the
robot.

Figure 9: The angular velocity of the steering shaft
and the driving wheel.

lent performance of the proposed controller for tra-
jectory tracking. Therefore, this is the difference be-
tween this study versus previous studies; (ii) An in-
vestigation method has been proposed to determine
variable coefficients of the PID controller. We believe
this will yield guarantees on the tracking performance
of the car-like robot.
Also, the problems of dynamic control, working load,
and electromechanical interaction between the robot
and the environment will be considered part of our
future research goals.
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TÓM TẮT
Robot di động bánh xe đã được ứng dụng rộng rãi cho nhiều lĩnh vực khác nhau của đời sống, từ
phục vụ con người trong các dịch vụ, hậu cần công nghiệp cho đến các lĩnh vực quân sự. Các ứng
dụng của robot di động bánh xe như robot lau sàn, robot siêu thị, robot hậu cần trong bệnh viện,
robot tự trị dẫn đường tự động trong các nhà máy thông minh, robot quân sự, robot nông nghiệp
v.v.. Qua đó, chúng ta có thể thấy tiềm năng lớn của robot di động trong tương lai. Tuy nhiên, trong
các loại di động bánh xe thì cấu trúc robot di động kiểu visai được ứng dụng phổ biến nhất bởi
đơn giản về cấu trúc và điều khiển. Nhưng việc điều hướng và dẫn động được thực hiện đồng bộ
thông qua hai bánh xe dẫn động, dẫn đến có hiện tượng trượt và khó kiểm soát sai số tư thế khi
điều hướng, nhất là những cung đường có bán kính nhỏ. Để khắc phục các nhược điểm trên cấu
trục dẫn động và điều hướng kiểu ô tô đã được ứng dụng vào thiết kế các robot tự hành kiểu bánh
xe và có tên gọi robot giống ô tô. Nhiều nghiên cứu đã chỉ ra ưu điểm của phương án thiết kế này
là điều khiển điều hướng và dẫn động robot được tách biệt. Dẫn đến vòng điều khiển động lực
học có thể bỏ qua phần điều hướng, trong khi luật điều hướng được xây dựng trên mô hình động
học. Do đó, bài báo trình bày thiết kế bộ điều khiển PID với các thông số thay đổi theo thời gian
nhằm điều khiển robot dẫn động cầu sau kiểu ô tô di chuyển bám đường đi mong muốn với sai
số nhỏ. Đầu tiên, một mô hình động học phi tuyến của robot được thiết lập. Sau đó, mô hình sai
số động học phi tuyến của robot được tuyến tính hóa xung quanh điểm làm việc bằng phép biến
đổi Taylor bậc một. Trên cơ sở đó, một bộ điều khiển PID với các thông số thay đổi theo thời gian
đã được thiết kế. Các hệ số của các thông số điều khiển KP , K I , KD được xác định bằng kỹ thuật
thử và sai nhằm đảm bảo robot di chuyển bám theo đường dẫn NURBS mong muốn với sai số tối
thiểu. Kết quả mô phỏng đã xác minh tính hiệu quả của phương pháp thiết kế bộ điều khiển được
đề xuất. Nó cho thấy có thể áp dụng kết quả nghiên cứu này để điều khiển các robot tự hành dẫn
động cầu sau kiểu ô tô trong các dịch vụ hậu cần trong thực tế.
Từ khoá: Robot giống ô tô, bám quỹ đạo, bộ điều khiển PID, đường cong NURBS
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