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ABSTRACT

Non-circular gears (NCGs) with the advantage of compactness and simple mechanical structure in
creating transmitters with variable gear ratios in the industry, so this is a topic that is being studied
by many scientists. However, up to now the research usually focuses on NCGs with tooth profile
that is an involute circle called involute tooth profile, while other curves have not been applied in
the design of the non-circular gears. In this paper, the author proposes to apply the involute el-
lipse curve in shaping the tooth profile of the pair of elliptical gears with a rack cutter. A rack cutter
with tooth profiles is trapezoidal weight is determined from the involute ellipse curve selected as
the NCGs teeth. In order not to undercut and tip sharpening when shaping the gear, two algo-
rithms for correcting the base ellipse according to the even distribution of teeth on the gear and
undercutting avoidance condition are performed. A numerical computational software module is
written according to the theory and the algorithm is implemented to explore the different cases
in the design process. The results of this study show that the teeth are evenly distributed over
the entire circumference of the ring elliptical gear, overcoming the phenomenon of uneven teeth
in geometry and size when using the involute of a circle as other studies have shown. Also, with
the tooth profile that is involute ellipse curve, the pressure angle is increased to improve efficiency
the transmission capacity of a pair of gears. Therefore, this is the advantage of the new profile in
creating variable automatic transmission for different script applications in industries such as the
automotive industry or modern medical equipment.
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INTRODUCTION

The involute of a circle as the tooth profile of NCG
has been used in most recent studies. Litvin ' has pro-
posed the NCG tooth profile generation methods by
using the standard rack cutter, which was like that
of spur gear generation with a constant transmission
ratio. The generation process was done via the pure
rolling motion of the pitch line on the rack cutter and
centrodes of NCG. Basing on this idea, Bair et al 23
have developed the NCG tooth profile equation with
the centrode as a centrality ellipse and the rack cut-
ter as a generation tool. Li et al.* have also proposed
a simple and accurate numerical method for gener-
ating NCG tooth profiles by making the pitch line
of the rack cutter purely rolling on the centrode of
NCGs. The NCG tooth profile was generated from
the boundary of the cutter profile. This method is
very useful for non-circular gears with complex cen-
trodes. However, some negative phenomenon was
found during the generation process such as under-
cutting, pointed teeth, tooth flank intersection, and
so on, which have successfully been solved *°. Zheng
et al.” used the equation of meshing and the relative

velocity between the rack cutter and NCGs to identify
the conditions for avoiding undercutting. Uwe Bisel ©
proposed a condition for avoiding undercutting when
considering the tooth contact between the rack cutter
and tooth profile of NCGs, therefore the undercutting
occurred when the tooth profile of the rack cutter cut
the tooth profile of the gears. However, it is likely that
there have not been any foreign research that applies
other curves as cycloid "%, parabola segment”’, circle
segmentz, improved cycloid curve 10-13 " Novikov
and so on to the design of tooth profile of NCG, even
though the spur gears with constant transmission ra-
tio have been used effectively.

In addition, in recent years, Useche et al. (2021) 15
have studied shaping elliptical gears whose tooth pro-
file is involute circle curve to create the gear ratio
function in the range from 0.5 through 1.0 to 2.0,
Prikhodko (2020) '® applied a planetary ellipse gear
system to replace intermittent motion mechanisms
in semiautomatic and automatic machinery, Zhou et
al.'” have applied the compound elliptical gear train
to design the transplanting mechanism for the rice
transplanters. Therefore, this research will propose
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solutions for applying the advanced involute of an el-
lipse to the tooth profile design of the external mesh-
ing NCGs with the rack cutter.

DESIGN METHOD THE TOOTH
PROFILES WITH CURVES INVOLUTE
OF AN ELLIPSE FOR A PAIR OF
ELLIPTICAL GEARS

An equation of the involute of an ellipse

Definition: The involute of an ellipse {£} is the locus
of the fixed point K on A line, when the A makes a
pure rolling on the ellipse base {X¢5} as described in
Figure 1. So, the A is called the line of engagement
during the generation process of {&}.

% 1&}
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Kl
X
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Figure 1: The involute of an ellipse

Therefore, in order to create an analysis equation of
{€} as in Figure 2, we call ¥ {Ox1y;} the fixed co-
ordinate system in the center of ellipse base {xCS},
% {Osx2y,} the coordinating system on the line A
(Oxy = flp, Oy = ’;p with ‘;P,I")lp a tangent vector
and the normal vector of {Z¢5} at point P (the contact
point between the line A and Z¢5); rp (@) the polar
radius of centrality ellipse with ¢ parameter; rg ()
the polar radius of an ellipse involute with ¢ parame-
ter; K the fixed point on A\; and 6 the rotational angle
between 1, coordinating system and ¥; coordinating
system.

rk () =" rp(¢) +' M3rpk (9) oy

Note:  !rp(@) = [rp(@)cose rp(@)sing 0];
‘rpg = [0 PK () O]T; M, =
cosO (@) sinf (o)
—sinf (@) cosO (@)
0 0 1
rp(@) of the point P € {£} with ¢ pa-
rameter was created by the formula'®rp (@) =

0
0]; Pole radius
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2ab ((a+b) — (a—b)cos2) ' while a, b are the
major semi-axis and the minor semi-axis respectively
of {5}

PK(9) = PK (9) =

12 (erto+ (482)7) " ao

p P [ o
6 = arccos | np,i | = arccos p”—‘p while i =
i

T
[1 0 O} is the unit vector of O xj, np =tp Xk =
T
[2ple) o) o] while k= [0 0 1] is
the unit vector of 0,275

Figure 2: A graph of algorithm mode of an ellipse
involute

By abridging Equation (1), the analysis equation for
the involute of an ellipse is as follows:

{

1

o T — — {Y 'S

-30 40 -20 -10 0( 10 20 30 40 50

mm)
Figure 3: The involute of an ellipse
Figure 3 is an example of the involute of an ellipse

curve with the parameters of the base ellipse: a =39.37
mm, b =30 mm and ¢ € [0;0.57].

x (@) = a(cos @ + PK sin ¢ (a?sin® ¢ + b cos® ) ~0)
y (@) = b(sin ¢ + PK cos (a2 sin® ¢ + b2 cos? ¢)~0-)

2)
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The designing parameters of the rack cutter
for NCG generating

Litvin ' proposed the NCG tooth profile generation
methods basing on the enveloping theory described
in Figure 4. In this method, the rack cutter was used
to generate a tooth profile for the mating NCG 1 and 2
by the pure rolling motion of the pitch line on the rack
cutter {£5} with the two centrodes {1} and {Z2} of
the NCG 1 and 2. So, the rack cutter {ZS } is mesh-
ing with NCG 1 and 2 in the process of tooth profile
generation. Therefore, when there is a curve for the
tooth profile of an NCG 1, the profile of the mating
rack cutter can surely be identified.

Figure 4: NCGs tooth profile generation methods

In this study, we have based on this theory to identify
the parameters of the rack cutter for generating NCG
with the profile of the involute of an ellipse. On the
other hand, the design parameters of the rack cutter
are determined as?° (1) m; module - size; (2) oy pres-
sure angle - profile; (3) w; pitch of teeth, which are
described in Figure 5.

Figure 5: The designing parameters of rack cutter

Module my
In order to have the right meshing condition, the two
mating NCG 1 and 2 should be of the same module”:

my =my = my (3)

The size of the rack cutter inclusive of tooth pitch - wy,
tooth thickness - #,,, space width - s,,(see Figure 5) is
calculated as follows:

Sy =ty = 0.5w = 0.5Tm;

Pressure angle - o/
Asin Figure 6, the pressure angle - o of the rack cutter
is generally calculated give by:

oy = arctan ((sl —xg)! (y§1)> (4)

Therefore, if ¥ {Of,xf,yf} is called the coordinate
system attaching to the beam; ¥ { O, x;,y;} is called
the coordinate system attaching to the rack cutter; and
01 {O1,x1,y1} is called the coordinate system attach-
ing to NCG 1 at O rotation center (in Figure 7), dur-
ing the tooth profile generation process of NCG (see
Figure 7), then (i) rack cutter will make a transla-
tional motion distance of 51 (¢) with the direction of
xy from the beam; (i) NCG will make two motions
inclusive of a) translational motion with the direction
of ys for a distance of s3 (¢) and b) a rotation about
of O with an angle of ¢.

Yep

Q
v

p
o
Figure 6: Geometric relation between o and s

This process, s1 (@) = O;P is the translational dis-
tance between O, and P, corresponding to the trans-
lational distance between P’ and P when NCG 1 ro-
tates around O and moves translationally toward y s
P is the instantaneous center of rotation with K point;
("xk " yk) is the coordinate of K point of the rack cut-
ter in the coordination system of ¥ {Oy,x;,y }.

We need to identify s1(¢) and ("xg,’yg) param-
eters with the already - known K € {£} in the
91 {01,x1,y1} coordinate system of NCG. If P’ is
called the joint belonging to {ZL1}; ¢ is called the rota-
tion angle of NCG1 around O; to move P’ of {£L1} to
coincide with P instantaneous rotation center; 51 ()
is the translational distance toward O,x; direction to
move O, of {ES} to the instantaneous a rotation cen-
ter, which is identified as follows:

s1(p) = PP (¢)

5\ 0.5
=I5 ((rp(tp))2+ (drsgp)> > aw
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Figure 7: Tooth profile generation process of NCGs
by the rack cutter

From Equation (5), ¢ angle can be identified if we
know the values of s; (¢). The mathematical model of
the mating rack cutter and NCG profile can be iden-
tified as follows:

’rK =! M{Mll 14¢ (6)
T
Where: HK = [1x1( lyK 0} and (IXIQIYK)

are the coordinate of K point, belonging to
NCG profile in 9{Oy,x;,y;} coordinate sys-

cosy (@) siny(p) 0
tem; M = |—siny (@) cosy(9) s3(9)|;
0 0 1
1 0 —s2(9)
"™M;= |0 1 0 |; s2(@) is the parameter
0 0 1

identifying the location of ¥ { Oy, x;,y; } coordinating
system and ¥/ {Oy,xs,ys} coordinating system;
53(@), v (@) are the parameters identifying coor-
dinating system and ¥, {Oy,xs,ys} coordinating
system. From the Equations (4 - 6), the algorithm
identifying o pressure angle of the rack cutter is
generated as in Figure 8.

In the above algorithm diagram, As; is the increment
of 51,81, Oy are the accuracy of the generation profile
of the rack cutter compared to profile theory. These
parameters decide the accuracy of the algorithm to
identify a pressure angle of the rack cutter with the
given a, b parameters of {X[1}.

By applying the theoretical basis presented above and
algorithm in Figure 8 to design the rack cutter for gen-
erating the elliptical gear pair with elliptical centrode
and transfer function described in Figure 9. Ellipse
centrode {1} and {2} have the original design pa-
rameters a =22 (mm), b = 13.5 (mm).

In order to have the tooth number as an integer, the
author has applied the tooth allocation method on
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Figure 8: A diagram of algorithm identifying pres-
sure angle o

NCGs, which was presented in Thai et al. (2021)2!.
The calibration parameters of NCGs centrode and de-

signing parameters of rack cutter are shown in Table 1.

Designing tooth profile of elliptical gears

On the basis of the centrode and the transfer function
of NCGs, applying the designing methods presented
in Thai et al. (2021)2!, the NCGs designing parame-
ters in Table 2 and the post-programing designing re-

sults in Figure 10.

It can be seen from Figure 10b that with the designing
parameters of the rack cutter in Table 1 and the con-
tact of the pitch of rack cutter and NCGs centrode,
the undercutting phenomenon occurs in NCGs tooth
profile. To avoid this phenomenon, favorable condi-

tions have been created hereafter.
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Table 1: The designing parameters of the rack cutter

Ellipse base

Preliminary Exact parame-

calculation ters

Ash bsp Zsh a b z
(mm) (mm) (tooth) (mm) (mm) (tooth)
22 13.5 36.47 21.60 13.5 36
Rack cutter

my Sy ty Wy Oy

(mm) (mm) (mm) (mm) ()

1 1.57 1.57 3.14 8.59

Table 2: NCGs designing parameters of the involute of an ellipse

Item Unit NCGs Rack cutter
Number of teeth (z) tooth 36 -

Module (m) mm 1 1

Pitch of teeth on elliptical pitch (w) mm 3.14 3.14

Tooth thickness on elliptical pitch (s) mm 1.57 1.57

Space width on elliptical pitch (t) mm 1.57 1.57

[
U

20 T T [ T T T T
- 25 [1777717 T 5=
13 0 [~ Toothprofile of NCGI
10 5 i i
sl 10
Eo 3
g Eo
10 =S
15 -10
20 g
23 5

I 1 ] =)
F4----1-—-Toothprofile of NCG2 -—-f----

[
[

20 -10 0 _10 20 30 40 (mm)

=

=)
—
=3

(mm)
=

20-15-10 5 0 3 10 15 20
(mm)
&)

Figure 10: Tooth profile of the undercutting NCGs

with a) NCGs after tooth profile generation and b)
Figure 9: External meshing NCGs with a) Centrode NCG1 after tooth profile generation
of NCGs and b) transfer function of NCGs
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THE CONDITION FOR
UNDERCUTTING AVOIDANCE

In order to avoid undercutting, the equation of tooth
profile should satisfy?*:

@ (1)
dr —Virx
af(e) Jf(e)de
A de dt
dy, o (7)
_ | _da o
=1/(p) ds(p)de| =0
dar do dr

fl@)=2A—hcos~ o —s; (@)sina —0.5wmsinc
This can be identified from the meshing equation with
A as the length of the working region on the rack cut-
ter; & = m as an addendum (see Figure 5); vgl) =
o (yrir + (51 (®) — x¢) j¢) as the relative velocity at the
contact point between the rack cutter and tooth pro-
file of NCGs with @ = d'y/dt as the angular velocity of
NCGs in the tooth profile generation process with yas
the rotation angle of the power shaft?’. The determi-
nant (7) about the condition for undercutting avoid-
ance is dealt with as follows:

Msinzoc:h—ﬂtcosoc (8)
v
Note: ds; (@) /dy = p** is the radius of curvature of
{1}, With A = 0 at the initial point of the working
region of the rack cutter, we can identify 4 = m(1 — §)
with & as the amount of positive shifting (see Fig-
ure 11).

Initial position of
the rack cutter

£z}

5y

Figure 11: Shifting of the rack cutter

The condition for undercutting avoidance is calcu-
lated as follows:

m(1—9) < Ppinsin® o 9)

Pmin is the minimum radius of curvature of {ZLl }
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From the Equation (9), with the values of p;;i, and the
fixed o, we have two solutions for ndercutting avoid-
ance as follows:

i) At negative shifting, we need to select the gear mod-
ule as follows:

Mmax = Pmin sin® (10)

ii) When the module is known, the minimal shift
amount of the gear is as follows:

Omin = (pmin sin? @ — m) m~1 (11)

It can be seen from (10) and (11) that there are two
solutions for undercutting avoidance. The solution
of positive rack cutter shifting is more favorable for
its convenience. The solution of module changing
is hardly selected as for its requirement to re-design
the rack cutter. Figure 12 shows the results after the
positive shifting when re-generate NCG profile with
the rack cutter parameters and gears from the exam-
ple (in above), and using the undercutting avoidance
condition in the Equation (11), we have got the min-
imal shifting of 8, = 0.6985 (mm); choose § = 0.7
(mm).

15 WAVAVAVAY
10
&
=5 #
=
£0 ]
C
_5 t
1o
15|t VAVAYAvAVAYA
20-15-10 5 0 5 10 15 20

(mm)

Figure 12: NCG profile after shifting

It can be recognized from Figure 12 that the undercut-
ting has been avoided but the tooth crest and the toe
have shifted outside of the center. This has increased
the gear size and the deviation of the meshing rule,
which leads to tooth intersection. To satisfy the mesh-
ing condition without tooth intersection, the center
distance should be increased, causing the increase of
the gear train size. Therefore, to keep the center dis-
tance and centrode size unchanged, we need to adjust
the ellipse base.

THE ALGORITHM TO ADJUST ELLIPSE BASE
As analyzed in Section 3, to overcome the above phe-
nomenon, we need to adjust the ellipse base so that
the centrode of the NCGs coincides with the pitch line
of the gear after generating. The adjusted ellipse base
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should (1) meet the requirements to avoid undercut-
ting and (2) ensure the allocation of the tooth number
on NCG?!. The algorithm which was used to deter-
mine the size of the ellipse base is shown in Figure 13.
In the algorithm diagram above AJ is an increment
of the coefficient determining the size of elippse base
(6). To make the NCGs centrode coincide with the
pitch line of the gear after generating, we need to shift
the rack cutter with a translational distance of 8.

Size of eliptic
base:
a,=a-§

(True)

The perimeter of elliptic base is calculated as follows [13]:
' " 0%

oy 2z s )
= ah [ 2ahlahside \||
* al\achAarh)eods) o, Aab)codq ) |

Figure 13: The algorithm to determine the eliptic
base'?

In the algorithm in Figure 13, if both conditions are
false cannot find d, then must select parameters a, b
of the basic ellipse {5} again.

RESULTS AND DISCUSSION

By using the designing parameters in Section 2 and
the algorithm in Figure 13, we have got the elliptic
base parameters after adjusting in Table 3, and the ad-
justing results in Figure 14.

The NCGs profile after adjusting the elliptic base has
met the meshing requirements and ensure (1) the
undercutting avoidance and (2) tooth allocation on
NCGs. To compare between the tooth profile gener-
ated from the involute of a circle*'* and that from the
involute of an ellipse, we used the respective circular
gear method of Litvin® and have obtained the results
shown in Figure 15. {EC} is the involute of a circle,
while {£} is the involute of an ellipse.

20

1 PRy e vy

10 ',;;y" Dedendum line ‘(&

5 ;;7 Ly
0 1 U o
E 5 E‘s

E . Centrode o

10 x:z) oy PS}ST

) Annnpanh’

ddendum line

20

25 20-15 -10 -5 0 5 10
(mm)

15 20 25

Figure 14: NCGs profile after adjusting ellitic base

15 g s
10 - S
5 ; Y
£0 D ,‘
i SR ,
Respdctive circlent- . . 4--7
10 the positian pmin
]

—

220 -15-10 -3 0 5 10 15 20
(mm)

Figure 15: A comparison between the involute of a
circle and that of an ellipse

It can be seen from Figure 15 that the curvature ra-
dius of the involute of an ellipse is bigger than that of
the involute of a circle. So, the contact resistance of
this involute (of an ellipse) is higher, which is its ad-
vantage. Especially, as the teeth of NCGs are located
differently, they have different supporting strengths.

The results of this research have overcome the uneven
tooth pitch on the centrode of the ellipse gear that the

2381517 have not mentioned. In addition, this

studies
study also provides the gear manufacturing practice
by a different curve with an involute circle curve tra-

ditional to make the tooth profile of the ellipse gear.

CONCLUSIONS

The finding of this study is the proposal on the invo-
lute of an ellipse as the tooth profile of NCGs, which
has the advantage of higher tooth contact resistance.
The study also proposed: (1) The methodology for de-
signing the rack cutter for generating NCG as the in-
volute of an ellipse, and the conditions for undercut-
ting avoidance; (2) The method for adjusting the el-
lipse base to ensure the unchanged axial distance and
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Table 3: Adjusting parameters for the elliptic base

Before
a (mm) (mm)
21.6005 13.5

After
a (mm) (mm)
21.0875 12.9870

not transmission ratio error. The above research re-
sults are important for creating new NCG gear trains
which have advantages over the previous studies on
the degree of tooth contact resistance.
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Tao hinh bién dang rang cta banh rang elip bang dudéng cong thén
khai elip

Nguyén Héng Thai"
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TOM TAT
(o] SR g Banh rang khong tron véi uu diém nhd gon, két cdu co khi don gian trong viéc tao ra cac bo truyén
o T co ty s6 truyén thay doi trong cong nghiép, do dé day la mét chd dé dang dugc nhiéu nha khoa
Use your smartphone to scan this hoc quan tdm nghién ctu. Tuy nhién, cho dén hién tai cac nghién ctiu thudng chi tap trung vao
QR code and download this article cac loai banh rang khong tron ¢ bién dang rang la dudng cong than khai ctia dudng tron, con

cac loai dudng cong khac chua dugc ing dung trong thiét ké banh rang khong tron. Trong bai
bado nay tac gid dé xudt ing dung dudng cong than khai ctia elip trong tao hinh bién dang ring
cla cdp banh rang elip bang dao thanh rang. Mét thanh rang co bién dang rang la cac hinh thang
can dugc xac dinh tr dudng duong cong than khai elip dugc chon lam bién dang rang clia banh
rang khong tron. D& khéng xay ra hién cét lem chan rang va hién tuong nhon dinh rang khi tao
hinh, hai thuat todn hiéu chinh ducng elip co s& theo su phan bé déu cac rang va diéu kién cat lem
chan rdng dugc thuc hién. Mot modun phan mém tinh todn sé dugc viét theo ly thuyét va thuat
toan dugc thuc hién dé khao sat cac trudng hop khac nhau trong qua trinh thiét ké. Véi két qua
clia nghién ctiu nay cho thay cac rang dugc phan bé déu trén toan bo chu vi clia vanh rang khac
phuc dugc hién tugng rang khong déu vé hinh dang hinh hoc va kich thudc khi st dung dudng
than khai clia dudng tron nhu mot sé nghién ciu khac da chi ra. Ngoai ra, vai bién dang than khai
elfp goc ap luc dugc tang lén lam tang kha nang truyén luc cia bo truyén. Do dé, day [a uu diém
cla bién dang mdi trong viéc tao ra cac bd bién déi vo cap cho céc kich ban tng dung khac nhau
trong cong nghiép nhu cac bo bién déi vé cép clia nganh cong nghiép 6 té hay cac thiét biy hoc
hién dai.

Tu khoa: banh rang elip, banh rang khong tron, duong than khai cla elip, thanh rang sinh, géc
ap luc, thuat todn, banh rang sinh
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