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A general mathematical model to determine temperature and
moisture distributions in drying of spherical products: Case
studies of green peas, barley, and cranberry

Pham Ba Thao'2, Duong Cong Truyen?, Nguyen Minh Phu'""

ABSTRACT

Forced convection drying is a simple and effective dehydration method widely applied in post-
harvest technology. Sphere-shaped materials account for a large proportion compared to other
shapes. Therefore, this study forms a general mathematical model and resolution method to pre-
dict the temperature and moisture content of spherical drying materials with time. Three repre-
sentative spheres of green peas, cranberries, and barley were used as case studies to validate the
simulation results with experimental results. All three crops are widely used in cooking. Green peas
are often used in stews, salads or processed into soybeans. Cranberries are frequently employed in
desserts, juices or processed into jam. Barley is often used to make bread and beer and is also an
important grain source in human nutrition. The Arrhenius model predicts the moisture diffusion
coefficient with temperature to link the temperature and moisture equations, and they are solved
simultaneously. In drying applications, the Arrhenius model is often utilized to describe the tem-
perature dependence of moisture diffusion coefficients or drying rates. By applying the Arrhenius
equation to drying kinetics, the relationship between drying rate and temperature can be quanti-
fied, allowing for the prediction and optimization of drying processes under different temperature
conditions. These three objects have very different input parameters to illustrate the wide applica-
bility of the proposed solution method. The results show that there is a large difference in moisture
content at the center and surface of a crop. On the contrary, the temperature is evenly distributed,
and the dried object quickly reaches the drying air temperature. The laws of heat transfer and
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moisture transfer are analogy. However, the moisture diffusion coefficient and moisture transfer
coefficient are much smaller than the thermal diffusion coefficient and heat transfer coefficient.
Key words: Heat-mass transfer coupling, hot air drying, Arrhenius equation, agricultural product,

numerical method

INTRODUCTION

Crop drying plays a crucial role in agricultural pro-
duction and post-harvest management. Its primary
objectives are to reduce the moisture content of har-
vested crops to safe levels, preserve their quality, and
prevent spoilage!. Studying the kinetics of drying
process is a necessary preliminary step to determine
the drying model and parameters such as drying con-
stant, moisture transfer coefficient, moisture diffu-
sion coefficient, and heat transfer coefficient. From
these parameters, engineer can use to predict mois-
ture distribution and temperature inside the drying
object?. This prediction can be done in three ways:
Analytical solution, numerical simulation, or self-
developed code. The analytical method is quite com-
plicated because it involves partial differential equa-
tions (PDEs). Numerical simulation methods require
high-configuration computers and simulation soft-
ware, e.g., ANSYS, Comsol. The self-developed code

method can use popular and compact software such as
Excel, EES, Matlab to compose calculation programs
for objects with simple geometries such as rectangles,
cylinders and spheres®. Most fruits, vegetables, and
seeds are spherical in shape, such as green peas, bar-
ley, cranberries, grapes, and plums*~°. In this study,
the first three types of agricultural products were se-
lected as case studies.

Green peas, scientifically known as Pisum sativum,
are a versatile and nutritious vegetable widely cul-
tivated and consumed around the world. Belong-
ing to the legume family, green peas are character-
ized by their small, round shape and vibrant green
color. They are commonly consumed fresh, frozen,
or dried and are renowned for their sweet flavor and
tender texture’. Cranberries are widely used in the
production of juices, sauces, jams, and dried fruit
snacks. Cranberry juice is particularly popular and
is often consumed for its potential health benefits, in-
cluding supporting urinary tract health®. Barley is a
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good source of vitamins and minerals, including vi-
tamin B6, niacin, thiamine, riboflavin, iron, magne-
sium, phosphorus, and selenium. It also contains an-
tioxidants such as phenolic acids, flavonoids, and to-
copherols, which help protect against oxidative stress
and inflammation’.

It is difficult to measure the temperature and moisture
inside the drying object because of its small size. But
the temperature or moisture is important since it is
possible that the surface moisture is as desired but not
at the center, affecting the storage time and lifespan.
Therefore, this study is to develop a general numerical
model that can predict the temperature and moisture
distribution inside a spherical agricultural product.
The governing equations, numerical method, param-
eters required for simulation, and validation of simu-
lation results are presented and analyzed.

HEAT-MASS TRANSFER COUPLING
MODEL AND NUMERICAL METHOD

Let the initial spherical moist object have radius 1,
moisture content Mg and temperature T as shown in
Figure 1. Distribution of temperature (T) and mois-
ture (M) of the object according to radius (r) and
time (t), ie., T(t,r) and M( tr), respectively can be
described by the heat conduction equation and FicK’s
diffusion equation as follows:

Figure 1: Coordinate along sphere radius
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where « is thermal diffusivity (m?/s),
D is moisture diffusivity (m?/s),

M is dry basis moisture content (kg/kg db),
r is space coordinate (m),

T is temperature (°C),

t is time (s).

Boundary conditions for Eqs. (1) and (2) are as fol-

lows:
T =0, )
%4“:0 =0, (4)
k0 =1 - 1y), (5)
DM = by m). ©)

where T, is drying temperature (°C),

k is thermal conductivity of the product (W/m K),

h is the heat transfer coefficient (W/m? K),

h,, is mass transfer coefficient (m/s),

M, is equilibrium moisture content (kg/kg db).

The system of differential equations above and the as-
sociated boundary conditions can be solved using the
finite difference method. With the spatial discretiza-
tion as shown in Figure 2, the implicit method and
central difference scheme are applied to Egs. (1) and
(2) into discretization equations as follows:

+1
177 =1 _
& A 1 1 1 1 (7)
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Discrete equations of boundary conditions are given

as:
h=T )
My =M, (10)
hAFT + kTy_
In=—""—"76#—/—#—— 11
N k+hAr (an
_ hwSrM+ DMy 12)

D+ hy,Ar

The discrete equations (7) and (8) form systems of
three-diagonal linear equations and are solved using
the Thomas algorithm.

2380



Science & Technology Development Journal - Engineering and Technology 2025, 7(3):2379-2384

0 o

i=12 ...

...N

Figure 2: Spatial discretization

RESULTS AND DISCUSSION

This section illustrates the results using the finite dif-
ference method mentioned above. Spherical moist
objects consisting of green peas, cranberries, and bar-
ley were used as case studies for application of the
mathematical model and resolution method. The pa-
rameters of the spheres are shown in Table 1. The
number of nodes is set N = 30 in the computational
method. This number was selected after a grid in-
dependence test. The self-developed code was im-
plemented in MATLAB software. Moisture diffusion
coefficient (D) according to drying temperature (T
in Kelvin) is calculated from the Arrhenius equation.

The equation has the following form '°:

E,
D = Dgyexp “RT
g

where Dy is pre-exponential factor (m?/s),

(13)

E, is activation energy (J/mol),

R; is universal gas constant, R = 8314 J/mol K.
Figure 3 shows the moisture content profiles of three
spherical objects compared to experimental data. The
unit of x-axis was different from Figure 3a, b, and
¢ because the three test-cases are different materials.
There is good agreement between the simulation re-
sults in this study and the experimental results, es-
pecially with drying green peas. For cranberries at
about 4-hour drying time and Barley drying after 150
s, the moisture content prediction of the present study
is slightly greater than the experimental data. This can
be explained by the fact that the current mathemati-
cal model does not consider shrinkage of the drying
material. When shrinkage is taken into account, the
moisture content of the calculation will be reduced.
The internal moisture content of the objects with time
from the simulation is seen in Figure 4. The scale of
x-axis was different between subfigures because the
three test-cases have different diameters. The diam-
eter of cranberry is much more larger those of green
peas and barley. After one hour of drying, the mois-
ture content at the center of the green peas decreased
from 3 to 2.6 kg/kg db. There is a huge moisture dif-
ference of up to 2 kg/kg db at the surface of the peas
and the center at this time. Because this is the stage of

surface moisture evaporation. After 5 hours of dry-
ing, the temperature inside the peas is relatively uni-
form. Similar developments occurred for cranberries.
As for barley, due to its very small size and small ini-
tial moisture content, the drying time is quite short. In
the first 50 s, there is only a change in moisture close
to the barley’s surface.

Figure 5 presents the temperature variation inside the
three spheres. Due to the small size of the objects, af-
ter a short drying time, the temperature of the prod-
ucts approaches the drying temperature. In addition,
the thermal diffusivity is larger than the moisture dif-
fusivity, so the temperature distribution is relatively
more uniform than the moisture distribution at the
This means that the heat transfer Biot
number (= 2rgh/Kk) is less than the mass transfer Biot
number (= 2rph,,/D).

CONCLUSIONS

The partial differential equations of heat transfer and

same time.

moisture transfer describing drying of sphere-shaped
material are presented in this article. The finite differ-
ence method is proposed to discretize the equations
and boundary conditions. Three spherical objects
were reviewed for the necessary drying parameters,
and the drying curve was compared between the nu-
merical approximation and experiment. The results
show great agreement with experimental data. There-
fore, the current mathematical model can be applied
to many different spherical drying objects to deter-
mine the temperature and moisture distribution in-
side the object as well as the average temperature and
moisture with drying time. In addition, water evap-
oration and shrinkage should be expanded into con-
sideration to improve the mathematical model and re-
duce deviations from experimental results.
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Figure 3: Verification of moisture content with experimental data. a) Green peas '®, b) Cranberry '/, ) Barley '®
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Figure 4: Moisture content distribution with time. a) Green peas, b) Cranberry, c) Barley
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Figure 5: Temperature of spherical products with time. a) Green peas, b) Cranberry, c) Barley
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M hinh toan chung xac dinh phan bé nhiét dd va dé am khi say
vat hinh cau: dau ha lan, lia mach, va nam viét quat

Pham Ba Thao"?, Pudng Cong Truyén?, Nguyén Minh Pha'"

TOM TAT

Sdy déi luu cudng buic la phuong phap sdy don gian va hiéu qua dugc ap dung réng rai trong cong
nghé sau thu hoach. Vat sdy hinh cau chiém mét ty 1é 16n so véi cac hinh dang khac. Do dé nghién
clu nay thanh lap mé hinh toan va I6i giai chung dé du doan nhiét do va do m cuia vat sdy hinh
cau theo thai gian. Ba vat cau tiéu biéu gébm dau Ha Lan, nam viét quat, va lta mach dugc st dung
nhu cac nghién cuu dién hinh dé xac nhan két qua moé phong so vai thuc nghiém. Tét ca ba loai
quad nay déu duac sir dung rong réi trong ndu an. Bau Ha Lan thudng dugc si dung trong cac
mon ham, salad hodc ché bién thanh dau nanh. Qua nam viét quat thudng dugc st dung trong
c4c maén trang miéng, nudc ép hodc ché bién thanh mut. Lua mach thuong dugc st dung dé lam
banh mi, bia, va cing la mét ngudn ngl cdc quan trong trong dinh dudng con nguai. M6 hinh
Arrhenius du dodn hé sd khuéch tan m theo nhiét d6 dé lién két cac phuong trinh nhiét 46 va dé
am va cac phuong trinh dugc gidi déng thdi. Ba vat nay c6 cac théng sé nhap vao rat khac nhau
dé minh hoa kha nang Ung dung réng clia phuong phép giai dugc dé xudt. Két qua cho théy co
su chénh léch I6n d6 dm tai tam va bé mat clia vat say. Nguac lai nhiét dd phan bé déu va vat sdy
mau dat dén nhiét do khong khi sdy. Quy luat truyén nhiét va truyén am la tuong tu. Tuy nhién hé
s& khuéch tan 8m va hé s6 truyén &m 1a rat nhd hon hé sé khuéch tan nhiét va hé sé truyén nhiét.
Tu khoa: Truyén nhiét va truyén khdi, sdy khong khi néng, phuong trinh Arrhenius, ndbng san,
phuong phap s6
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