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ABSTRACT
In this paper, the free vibration of curved shell structures with various boundary conditions is exam-
ined by using a meshfree method. The meshfree method in this study is based on the radial point
interpolation method (RPIM). The RPIM shape function is chosen because it satisfies the Kronecker
delta property allowing for the direct imposition of essential boundary conditions. The field vari-
ables and the geometry of the curved shell are interpolated through the RPIM shape function. The
curved shell formulation is constructed based on the first-order shear deformation theory (FSDT),
which considers the transverse shear strain. In a meshfree approach to investigate curved shell
structures, a convected coordinate system is employed. This convected coordinate system is tied
to the curved surface and used to map an arbitrary curved shell in 3D space into 2D space. To ob-
tain the numerical solution, the calculation is performed first in this convected coordinate system
and then mapped back to the global coordinate system. The accuracy and ability of the meshfree
method have been shown through many numerical examples. The natural frequencies of curved
shells with different geometry and boundary conditions are in good agreement with other avail-
able reference solutions.
Key words: free vibration analysis, curved shell, FSDT, meshfree method

INTRODUCTION
Shell structures are commonly used in a variety of
engineering applications, such as aerospace, marine,
mobility and civil engineering. An important issue
in engineering design is the free vibration behavior
of the structures. The natural frequencies and mode
shapes of a shell structure can be used to predict its
dynamic response to external loads such as resonant.
Therefore, analysis of the free vibration of thin shell
structures is essential. The free vibration analysis of
curved shell structures is discussed in 1–10. Numer-
ical methods for analyzing shell structures often use
the first-order shear deformation theory (FSDT)11–14

to describe the shell behavior because of its simple for-
mulation.
Meshfree method is a genre of numerical meth-
ods that a mesh is not needed to define the dis-
crete model of the domain of interest. This makes
them well-suited for problems with irregular geome-
tries or moving boundaries. One of the most well-
known and earliest meshfree methods is the Element-
Free Galerkin (EFG) method15. Many other mesh-
free methods can be listed as the Reproducing Ker-
nel Particle Method (RKPM)16, the Moving Kriging
method (MK)17,18, and the Radial Point Interpola-
tion method (RPIM)19,20. The RPIM is a meshfree

method that has the Kronecker delta property. This
property enables RPIM to impose essential bound-
ary conditions directly, which is not possible for other
meshfree methods. Radial bases and polynomial
bases are used to construct RPIM shape functions.
There are two main approaches to analyzing shell
structures using meshfree methods. The first way is
based on the exact shell model21,22. The second ap-
proach is the 3D degenerate shell element theory. The
EFG method based on the 3D degenerate shell ele-
ment theory is used by Noguchi et al.23 to analyze the
geometric nonlinearity of shells. Dai24 and Peng25

used the same approach for fracture analysis of curved
shell structures. Chen26 and Sadamoto27–29 investi-
gate the linear static and dynamic behavior, and even
geometrically nonlinear analysis of curved shells.
A convected coordinate system is introduced to use a
meshfree approach based on the 3D degenerate shell
theory for analyzing curved FSDT shell structures.
This coordinate system is attached to the curved sur-
face. A mapping technique is used to connect the
global Cartesian and the local convected coordinate
systems. This approach is proposed by Noguchi et
al.23. This mapping technique can map an arbitrary
3D curved shell in the Cartesian coordinate system to
a 2D space (convected coordinate system). The RPIM
shape function is then used to interpolate the curved
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shell geometry and the field variables in the 2D space.
The solution is obtained by mapping the computation
in the convected coordinate system back to the 3D
space.
Themeshfree method based on RPIM shape function
is used in this paper to analyze the free vibration be-
havior of different curved shell structures with arbi-
trary boundary conditions. The FSDT curved shell
is formulated using the 3D degenerate shell theory
with the mapping technique. The quartic function is
used as the radial basis to construct the RPIM shape
function and the polynomial basis is the second-order
polynomial.
The paper is organized as follows. Section 2 gives a
brief on the theory of shell structures: curved shell
kinematics, the constitutive equation for isotropic ho-
mogeneousmaterial and the discrete equation for free
vibration analysis. Section 3 investigates numerical
examples with various geometries and boundary con-
ditions to show the accuracy of the RPIM approach in
analyzing the free vibration of curved shells. Section
4 presents some discussions based on the obtained re-
sults. The last Section gives some conclusions andout-
looks.

METHODOLOGY
Kinematics of Shell
Considering two vectors X = (x1,x2,x3) and r =(
r1,r2,r3), in that order, are the position vector in
the global Cartesian and the local convected coordi-
nate system. The two coordinate systems are shown
in Figure 1.
The orthogonal unit vectors in the Cartesian and in
the convected coordinate systemare denoted by ei and
Vi, respectively. The vectors Vi are defined as follows:
V3 is a vector perpendicular to the mid-surface,

V2 =
V3 × e1

|V3 × e1|
and V1 =V2 ×V3 (1)

The position of a point on the curved shell based on
the FSDT is defined by a vector X as the following
equation23:

X = Xmid +
r3

2
tV3 (2)

where t denotes the shell thickness and the position
vector of an arbitrary point located on themid-surface
of shell is expressed by the notation Xmid.
The displacement vector u of a point on the curved
shell can be written in a similar way as23:

u = umid +
r3

2
t (−β1V2 +β2V1) (3)

where umid = [umid1,umid2,umid3]
T is the translation

of an arbitrary point on themid-surface, β1 and β2 are
the rotation angles aboutV1 andV2, respectively.

Constitutive Equation
First, the covariant and contravariant base vectors of
the convected coordinate system are presented as fol-
lowing. The covariant base vectors are computed as
below

Gi =
∂X
∂ ri

(4)

and from the above equation, the contravariant base
vectors can be defined by the relation

Gi =
G j ×Gk

[G1G2G3]
(5)

in which
[
GiG jGk

]
= Gi ×G j.Gk is called the scalar

triple product.
Now, the following expression defines the linear
strain-displacement relationship using the covariant
and contravariant base vectors23

ε =
1
2

(
Gi

∂u
∂ r j

)
+G j

∂u
∂ ri Gi ⊗G j

= εi jGi ⊗G j
(6)

The constitutive equation is given as the following
equation

σ =C : ε (7)

where

σ = σ i jGi ⊗G j (8)

is the Cauchy stress, and the fourth-order constitutive
tensor C is defined as

C =Ci jklGi ⊗G j ⊗Gk ⊗Gl (9)

in which

Ci jkl =

Cmnop
(
Vm ·Gi)(Vn ·G j)(Vo ·Gk)(Vp ·Gl) (10)

and the covariant coefficientmatrixCi jkl is given as24

Ci jkl =


C1111 C1122 C1112 C1123 C1131

C2211 C2222 C2212 C2223 C2231

C1211 C1222 C1212 C1223 C1231

C2311 C2322 C2312 C2323 C2331

C3111 C3122 C3112 C3123 C3131



=
E

1− v2



1 v 0 0 0
1 0 0 0

1− v
2

0 0

κ
1− v

2
0

sym. κ
1− v

2



(11)

where E denotes Young’s modulus, v is Poisson ratio
and the shear correction factor often takes the value
κ = 5/614.
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Figure 1: Illustration of the Cartesian and convected coordinate systems.

Discrete Form of Free Vibration Equation
The shape function in this study is derived from the
radial point interpolation method (RPIM). A radial
basis and a polynomial basis are used to construct the
RPIM shape function ϕI .
The radial basis used in this study is the quartic func-
tion due to its stability to the change of shape param-
eter θ

RI (x) =

1−6
(

θ
ls

)2
r2

I +8
(

θ
ls

)3
r3

I −3
(

θ
ls

)4
r4

I
(12)

where rI is the distance between the node xI and the
point of interest x, ls is the maximum distance be-
tween any pair of nodes.
And the second-order polynomial is used as the poly-
nomial basis because of its high accuracy and low
computational cost. More detail on the step-by-step
formulation of the RPIM shape function can be found
in the reference30.
The discrete form of the position vector X(r) is given
as following

X = ∑N
I=1 ϕI

(
r1,r2)(XI +

r3

2
tV13

)
(13)

where the RPIM shape function ϕI
(
r1,r2) is com-

puted on the convected coordinate.
The orthogonal unit vectors Vi in Eq. (1) are calcu-
lated as the following expression

Vi =

N

∑
I=1

ϕI
(
r1,r2)VIi

|∑N
I=1 ϕI

(
r1,r2

)
VIi|

(i = 2,3)
(14)

V1 =V2 ×V3 (15)

From the definition in Eq. (4) and the position vector
in Eq. (13), the covariant bases vectors are defined as

Gi = ∑N
I=1

∂ϕI
(
r1,r2)

∂ ri

(
XI +

r3

2
tVI3

)
(i = 1,2) (16)

G3 = ∑N
I=1

1
2

ϕI

(
r1,r2

)
tVI3 (17)

The dynamic equation for free vibration is

M
..
U +KU = 0 (18)

where the vector contains all nodal degrees of free-
dom (DOFs). And it has five DOFs at each node
[umid1 umid2 umid3 β1 β2]

T .
The stiffness matrix and mass matrix are derived as
the following equations26

K =
∫

r1
∫

r2
∫

r3 BTCB [G1G2G3]dr1dr2dr3 (19)

M =
∫

r1
∫

r2
∫

r3 ρNT N [G1G2G3]dr1dr2dr3 (20)

where ρ is the density.
The shape function matrix N in Eq. (20) and strain-
computing matrix B in Eq. (19) are expressed as

N =
ϕ 0 0 − t

2
r3ϕ(V2)1

t
2

r3ϕ(V2)1

0 ϕ 0 − t
2

r3ϕ(V2)2
t
2

r3ϕ(V2)2

0 0 ϕ − t
2

r3ϕ(V2)3
t
2

r3ϕ(V2)3

 (21)
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B = [

G1a11

G2a21

G1a21 +G2a11

G3a21

G3a11

G1a12 G1a13

G2a22 G2a23

G1a22 +G2a12 G1a23 +G2a13

G3a22 G3a23

G3a12 G3a13

G1b11 G1b12

G2b21 G2b22

G1b21 +G2b11 G1b22 +G2b12

G3b21 +G2c1 G3b22 +G2c2

G3b11 +G1c1 G3b12 +G1c2

]

(22)

in which the bracket and subscript “i” ( )i indicate the
ith component of the vector, and ϕ is the vector con-
taining all the shape function .
The coefficient

[
ai1 ai2 ai3

]
,

[
bi1 bi2

]
and[

c1 c2

]
are expressed as

[
ai1 ai2 ai3

]
=


∂ϕ
∂ ri 0 0

0
∂ϕ
∂ ri 0

0 0
∂ϕ
∂ ri

 (23)

[bi1 bi2] =
− r3

2
t
{
(V2)1

∂ϕ
∂ ri +

(
∂V2

∂ ri

)
1
ϕ
}

r3

2
t
{
(V2)1

∂ϕ
∂ ri +

(
∂V2

∂ ri

)
1
ϕ
}

− r3

2
t
{
(V2)2

∂ϕ
∂ ri +

(
∂V2

∂ ri

)
2
ϕ
}

r3

2
t
{
(V2)2

∂ϕ
∂ ri +

(
∂V2

∂ ri

)
2
ϕ
}

− r3

2
t
{
(V2)3

∂ϕ
∂ ri +

(
∂V2

∂ ri

)
3
ϕ
}

r3

2
t
{
(V2)3

∂ϕ
∂ ri +

(
∂V2

∂ ri

)
3
ϕ
}


(24)

[
c1 c2

]
=


−1

2
t(V2)1ϕ

1
2

t(V2)1ϕ

−1
2

t(V2)2ϕ
1
2

t(V2)2ϕ

−1
2

t(V2)3ϕ
1
2

t(V2)3ϕ

 (25)

∂Vi

∂ r j = (I −Vi ⊗Vi)

N

∑
I=1

∂ϕI

∂ r j VIi

|∑N
I=1

∂ϕI

∂ r j VIi|
(i = 2,3; j = 1,2)

(26)

∂V1

∂ r j =
∂V2

∂ r j ×V3 +V2 ×
∂V3

∂ r j ( j = 1,2) (27)

The natural frequency/eigenvalue (ω) and the mode
shape/eigenvector (_u) can be obtained by solving the
eigenvalue equation form of Eq. (18)(

K −ω2M
) _

u = 0 (28)

RESULTS
Three numerical examples are conducted in this sec-
tion, particularly:

• Validation and convergence of the meshfree
method for free vibration analysis of flat shell
structures,

• Free vibration analysis of the open cylindrical
shell with various boundary conditions, and

• Free vibration analysis of the open spherical
shell with various boundary conditions.

Three basic types of boundary conditions used in the
study are abbreviated as follows: C – Clamped or
Fixed supported, S – Simply supported, and F – Free.
The natural frequencies are evaluated in each problem
and compared with other reliable references.

Convergence and Validation
In this first example, a fully clamped square flat shell of
side a = 1m is examined, see Figure 2. The flat shell in
this test has the thickness t = 0.1m. Thematerial prop-
erties are: Young’smodulus E= 210GPa, Poisson ratio
v = 0.3 and the density ρ = 7800 kg/m3. The non-
dimensional frequency

_
ω = ωa

√
ρ
G is considered,

where G is the shear modulus. The obtained results
from the present study is compared with Rayleigh-
Ritz method31 and the RKPM 32.

Figure 2: Geometry of the square flat shell.

Five different discrete models are used in the con-
vergence study: 7× 7, 9× 9, 11× 11, 13× 13 and
15 × 15 nodes. The convergence rate of the non-
dimensional frequency is shown in Figure 3. It is ob-
served from the figure that the convergence rate of the
RPIM method is rapid, the RPIM results are high ac-
curacy despite a coarse discretization. Therefore, the
discrete model of 15× 15 nodes is then used for the
next examination.
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Table 1: Non-dimensional frequencies of the CCCC square flat shell (the first fivemodes)

RPIM Rayleigh-Ritz 31 RKPM 32

Mode 1 1.5990 1.5940 1.5582

Mode 2 3.0547 3.0390 3.0182

Mode 3 3.0547 3.0390 3.0182

Mode 4 4.3253 4.2650 4.1711

Mode 5 5.0397 5.0350 5.1218

Figure 3: Convergence of mode 1 non-dimensional
frequency.

Table 1 shows the first five non-dimensional frequen-
cies obtained by RPIM compared to other methods.
It is seen that the results obtained in this study show
good agreement with other approaches. This means
that using the RPIM meshfree method for free vibra-
tions analysis of the curved shell (as described in sec-
tion 2) is utterly appropriate.

An open cylindrical shell
An open cylindrical shell is considered in this exam-
ple, see Figure 4. The dimensions of the shell are de-
scribed as follows: R = 2 m, D = 1m, α = 0.5 rad and
t = 0.05 m. Material properties are given as follows: E
= 210 GPa, v = 0.3 and the density ρ = 7800 kg/m3.
The discrete model of the cylindrical shell is a set
of 15 × 15 scattered nodes, see Figure 5. The non-
dimensional frequency

_
ω = ωD2

√
ρt

D f s
is considered,

D f s is the flexural stiffness D f s = Et3

12(1−v2)
. Many

combinations of boundary conditions are examined,
the order of edges when applying boundary condi-
tions is numbered 1-2-3-4 in Figure 4.
Table 2 shows the dimensionless frequencies of the
open cylindrical shell obtained in this study and from
the Spectro-Geometric-Ritz Method 33. The obtained
results show a high similarity between the two meth-
ods. It is also observed that the CFFF case has the

Figure 4: Geometry of the open cylindrical shell.

Figure 5: Discrete model (15 × 15 nodes) of the
open cylindrical shell
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Table 2: Non-dimensional frequencies of the open cylindrical shell with various boundary conditions (the first
four modes)

BC RPIM

1 2 3 4

CCCC 46.35 74.26 77.31 108.68

25.51 49.84 55.11 79.59

CCCS 37.78 63.90 73.67 100.06

CSCS 33.46 55.51 71.54 93.80

CCSS 33.98 61.15 65.17 92.84

CSSS 28.95 52.34 62.84 86.22

CCCF 27.80 43.69 65.54 76.41

SSSF 16.21 30.24 46.21 61.36

CFFF 5.37 9.63 24.96 28.67

BC Spectro-Geometric-Ritz Method 33

1 2 3 4

CCCC 46.14 74.11 79.14 109.95

25.32 49.34 55.71 80.23

CCCS 38.05 64.30 76.14 102.33

CSCS 33.66 55.13 74.00 95.75

CCSS 34.07 61.55 66.48 94.48

CSSS 28.90 51.86 64.08 87.38

CCCF 26.65 43.41 65.87 77.14

SSSF 14.82 29.35 44.94 61.66

CFFF 5.18 8.59 24.60 28.01

lowest frequency and the fully clamped case (CCCC)
has the highest natural frequency. This is as expected
since the CCCC case has more constraints than the
CFFF case so it is harder for the cylindrical shell to
vibrate. The same observation for the frequency of
CCCF and SSSF since CCCF has more constraints.
For the case of CSCS and CCSS the frequencies of
modes 1 and 4 are approximately the same. Whereas
modes 2 and 3 are different, maybe because the loca-
tions of the “C” and “S” constraints are different.
Figure 6 shows the mode shapes of four lowest modes
of the CCCF cylindrical shell. The colormap used in
the figure is the value of eigenvectors in the x1 direc-
tion.

An open spherical shell
In this example, an open spherical shell is considered.
The dimensions of the shell are described as follows:
R = 2 m, α1 = 0.5 rad, α2 = 0.5 rad and t = 0.05 m,

see Figure 7. This example also using isotropic ma-
terial with the properties are: Young’s modulus E =
70 GPa, Poisson ratio v = 0.3 and the density ρ =

2700 kg/m3. The spherical shell is discretized into a
set of 15×15 scattered nodes, see Figure 8. The non-
dimensional frequency

_
ω = ωD2

√
ρt

D f s
is considered.

Various boundary conditions are examined, the order
of edges when applying boundary conditions is num-
bered 1-2-3-4 in Figure 7.
Table 3 shows the non-dimensional frequencies of
the open spherical shell obtained in this study and
from the Ritz Method 34. The obtained results show
a good agreement between the two methods. Similar
to the open cylindrical shell, it is also observed that
theCFFF case has the lowest frequency and theCCCC
case has the highest natural frequency. And the same
observation for the frequency ofCCCF and SSSF since
CCCF hasmore constraints. For the case of CSCS and
CCSS, this is a little bit different from the cylindrical
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Table 3: Non-dimensional frequencies of the open spherical shell with various boundary conditions (the first
four modes)

BC RPIM

1 2 3 4

CCCC 58.66 79.60 81.80 114.09

38.41 59.17 60.72 86.85

CCCS 50.31 73.42 76.76 106.46

CSCS 46.85 65.63 74.79 100.13

CCSS 44.22 68.43 70.12 98.99

CSSS 41.01 62.25 66.32 92.40

CCCF 37.47 55.03 62.67 84.95

SSSF 13.33 42.98 43.16 65.03

CFFF 4.34 7.94 21.29 27.37

BC Ritz Method 34

1 2 3 4

CCCC 58.04 80.84 80.92 112.54

38.01 59.10 59.10 85.32

CCCS 50.51 72.22 78.62 106.22

CSCS 46.87 64.10 76.80 100.07

CCSS 44.57 69.21 69.78 98.39

CSSS 41.28 61.27 67.58 92.35

CCCF 37.96 55.15 65.22 83.90

SSSF 13.14 42.40 44.25 64.32

CFFF 4.72 8.39 22.09 28.80

shell. The discrepancy in the two cases is larger, but
the frequencies of all four modes are relatively simi-
lar.
Figure 9 shows the mode shapes of four lowest modes
of the CFFF spherical shell. The colormap used in the
figure is the value of eigenvectors in the x1 direction.

DISCUSSIONS
The approach in Section 2 is shown to be suitable for
the free vibration analysis of curved shells by the ob-
tained results, which agree well with those from other
numerical methods, as presented in Section 3.
For the convergence and validation test, the obtained
results show good agreement with the RKPM and the
Rayleigh-Ritz method. The convergence rate of the
RPIM method is rapid and the RPIM results are high
accuracy despite a coarse discretization.

For the cylindrical shell example, the obtained re-
sults show a high similarity between RPIM and the
Spectro-Geometric-Ritz methods. It is also observed
that the CFFF case has the lowest frequency and the
CCCC case has the highest natural frequency. This is
as expected since the CCCC case hasmore constraints
than the CFFF case so it is harder for the cylindri-
cal shell to vibrate. The same observation for the fre-
quency of CCCF and SSSF since CCCF hasmore con-
straints. For the case of CSCS and CCSS the frequen-
cies of modes 1 and 4 are approximately the same.
Whereas modes 2 and 3 are different, maybe because
the locations of the “C” and “S” constraints are differ-
ent.
Good agreement is observed between RPIM and the
Ritz methods in the spherical shell example. Similar
to the open cylindrical shell, it is also observed that
theCFFF case has the lowest frequency and theCCCC
case has the highest natural frequency. And the same
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Figure 6: Four first modes of the CCCF cylindrical
shell.

Figure 7: Geometry of the open spherical shell.

Figure 8: Discrete model (15 × 15 nodes) of the
open spherical shell.

observation for the frequency of CCCF and SSSF. For
the case of CSCS and CCSS, this is a little bit different
from the cylindrical shell. The discrepancy in the two
cases is larger, but the frequencies of all four modes
are relatively similar.

CONCLUSIONS
The free vibration analysis of curved shell structures
has been done in this paper by using the meshfree
method based onRPIM.The shell structures aremod-
eled using the 3D degenerate shell theory, and the
shell formulation is based on the first-order shear
deformation theory. The FSDT is a straightforward
shell formulation requiring only C0 continuity. The
RPIM is a meshfree method that has the Kronecker
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Figure 9: Four first modes of the CFFF spherical
shell.

delta property. This property enables RPIM to im-
pose essential boundary conditions directly, which is
not possible for other meshfree methods. A mapping
technique is employed to connect the global Carte-
sian and the local convected coordinate systems. The
geometry of the curved shell and the field variables
in the convected coordinate are interpolated by the
meshfree RPIM shape function. The solution of the
problem is obtained by mapping the computation in
the convected coordinate systemback to the 3D space.
The present approach is shown to be accurate through
many numerical examples. Good agreement with the
solution from other numerical methods is observed.
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Phân tích dao động tự do của các kết cấu dạng vỏ cong với các điều
kiện biên khác nhau bằng phương pháp không lưới

Trương Tích Thiện1,2,*, Lồ Sìu Vẫy1,2

TÓM TẮT
Trong bài báo này, dao động tự do của các kết cấu vỏ cong với các điều kiện biên khác nhau được
khảo sát bằng phương pháp không lưới. Phương pháp không lưới trong nghiên cứu này dựa trên
phương pháp nội suy điểm hướng kính (RPIM). Hàm dạng RPIM được chọn vì nó thỏa mãn thuộc
tính Kronecker delta cho phép áp đặt trực tiếp các điều kiện biên cần thiết. Các biến trường và
dạng hình học của vỏ cong được nội suy thông qua hàm dạng RPIM. Công thức vỏ cong được
xây dựng dựa trên lý thuyết biến dạng trượt bậc nhất (FSDT), có xét đến biến dạng trượt. Trong
phương pháp không lưới để khảo sát các kết cấu vỏ cong, một hệ tọa độ đối lưu được sử dụng. Hệ
tọa độ này được gắn vào bề mặt cong và được sử dụng để ánh xạ một vỏ cong tùy ý trong không
gian 3 chiều (hệ tọa độ tổng thể) vào không gian 2 chiều (hệ tọa độ đối lưu). Việc tính toán trước
hết được tiến hành trong hệ tọa độ đối lưu này và sau đó được ánh xạ trở lại hệ tọa độ tổng thể
để thu được kết quả. Độ chính xác và khả năng của phương pháp không lưới được thể hiện qua
nhiều ví dụ số. Tần số dao động tự nhiên của các vỏ cong có dạng hình học khác nhau với các điều
kiện biên khác nhau được so sánh với các tài liệu tham khảo tin cậy và cho thấy sự phù hợp tốt.
Từ khoá: phân tích dao động tự do, vỏ cong, FSDT, phương pháp không lưới

Trích dẫn bài báo này: Thiện T T, Vẫy L S. Phân tích dao động tự do của các kết cấu dạng vỏ cong với 
các điều kiện biên khác nhau bằng phương pháp không lưới.  Sci. Tech. Dev. J. - Eng. Tech. 2023, 
5(SI2):87-98.
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