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Influence of temperature and porosities on free vibration of a
three-phase bidirectional functionally graded sandwich beam

Pham Thi Ba Lien, Vu Thi An Ninh”

ABSTRACT

Understanding the influence of practical factors on natural frequencies of beams play an important
role in design of this structure. This article explores the influence of temperature and porosities on
vibration characteristics of a sandwich beam made from a three-phase bidirectional functionally
graded material (BFGSW beam) for the first time. The sandwich beam composed from a homoge-
neous core and two face layers made of a three-phase composite material. The material properties
are graded in both the beam axis and thickness by power-law functions, and they are evaluated
by using the Voigt model. Heat loading with uniform temperature rise and even distribution of
porosities are also considered. The expressions of the elastic strain energy and the kinetic energy
for the beam as well as the strain energy due to temperature are obtained in the framework of
the hyperbolic shear deformation theory. A two-node beam element with eight degrees of free-
dom has been proposed and used to establish the discretized equation of motion for the beam.
The proposed method is validated by comparing the fundamental frequency parameters with two
previous works. The beam with simply supported ends are used in numerical studies. The con-
vergence of the derived beam element is represented by evaluating the fundamental frequency
parameters. The effects of the temperature rise, the porosity volume fraction, the material indexes,
the length to height ratio as well as the beam layer thickness ratio on the vibration characteristics
are investigated and discussed in detail. It is concluded that the BFGSW beam parameters, the
temperature rise and porous parameter play an important role in the natural frequency, which is
helpful for the design of beam - like structures with the desired natural frequency.
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INTRODUCTION

The functionally graded materials (FGMs) with con-
tinuously variable material properties in one or more
spatial directions are considered as an advanced type
of composites. FGMs are usually made from ceram-
ics and metals, and it inherits the characteristic prop-
erties of the constituent materials such as the good
heat resistance of ceramics and the high toughness
of metals. Thanks to the attractive properties, FGMs
gain wide applications in a high-temperature environ-
ment as automobile engines, nuclear reactors, rockets,
etc!. The effects of temperature on natural frequen-
cies of FGM beams*™*, and functionally graded sand-
wich (FGSW) beam 7 have been reported.

Because of the large difference in the solidification
temperature between the constituent materials dur-
ing the FGM manufacturing process, porosities are of-
ten formed in FGMs during fabrication process. Vi-
bration investigations of FGM beams taking the in-
fluence of porosities into consideration have drawn
much attention from researchers in recent years. Wat-
tanasakulpong and Ungbhakorn® investigated linear

and nonlinear free vibrations of porous FGM beams
in the framework of the classical beam theory and the
modified rule of mixture. Using Navier solution, Ait
Atmane et al.” investigated the free vibration, bend-
ing and buckling behavior of FGM beams resting on
a two-parameter elastic foundation, considering the
porosity effect. Several authors reported the impact
role of porosities on vibration of FGM beams in tem-
perature environment using different methods; the fi-
nite element method '°, Euler-Bernoulli beam theory
combined with Navier solution method !, the analyt-
ical method based on four-variable theory'?. It has
been shown that both the porosities and temperature
significantly alter the vibration frequencies of FGM
beams. Liu et al.'® adopted the high-order trigono-
metric shear deformation theory to study the thermal-
mechanical coupling buckling behavior of a porous
FGSW beam clamped at both ends. The sandwich
beam of the work is two-phase composite, and it is
constructed from a FGM core and two face sheets of

an isotropic homogeneous material.
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All references discussed in the above paragraph, how-
ever deal with the beams with the material properties
varying in the thickness direction only. It is of great
demand of practice to have FGM structures whose
material properties change more directions for with-
stand the complex multi-directional loading. To the
author’s best knowledge, investigation on the effect
of temperature rise on the vibration of three-phase
porous FGSW beams has not been reported until
now. As an attempt to narrow this gap, this paper
presents a free vibration analysis of a porous sand-
wich beam made of three-phase composite material
(BFGSW beam) in a temperature environment for the
first time. The analysis is performed in the frame-
work of a hyperbolic shear deformation theory '*. The
beam considered herein is composed of a homoge-
neous core layer and two face layers made of three-
phase composite with effective properties varying in
both the length and thickness by power-law functions.
Employing the finite element method, the discretized
equation of motion is established and solved for natu-
ral frequencies. Numerical study is presented to show
the validation of the proposed formulation. The ef-
fects of various factors such as the porosities, temper-
ature rise, power-1a indicies and the beam geometry
on the vibration bahaviour of the sandwich beam are

investigated in detail and discussed.

METHOD
Porous BFGSW beam

Figure 1 illustrates a porous BFEGSW beam with sim-
ply supported ends and rectangular cross section
(bxh). The beam formed from three layers, a homoge-
nous core and two face layers made from three-phase
composite with material properties varying in both
the longitudinal and thickness directions. The Carter-
sian coordinate system (x,),z) is chosen as well as its
plane (x-y) is coincident with the mid-plane. Denot-
ing in the figure, zo=-h/2, z1, zo and z3=h/2 are the
vertical coordinates measured from the mid-plane of
the bottommost surface, the interface faces between

the layers and the topmost surface, respectively.

The beam material is considered herein to be formed

from three distinct materials, M1, M, and M3, whose

volume fraction is expressed as Nguyen '°.

v, = (zfzo )ns
n Z1—20
V2= [l N (%) ] [1-(1)"], 2€ [z0,21]
_ ng e
v=[-(52) |0
Vi=1,V,=V3=0 forz € [z1,22]
— g
V= ()
ng
== (52)"0- ()" selaal )
_ ns ny
v=[1-(52)"] @)

where V1, V; and V3 respectively denotes the volume

fraction of the materials M|, M and M3; ny and n,
are the length and thickness material indexes; L is the
total beam length.

The properties of constituent materials are assumed in
the present paper are changed by temperature. In this
regard, a typical material property P! (i=1,2,3) varies
with environment temperature T according to '°

PI(T) =R (P T '+ 1+ PAT+PT2+ AT (2)

In the above equation, P_y, Py, Py, P, P3 denote the
temperature coefficients, and they are unique to each
constituent material; 7 = Ty + AT, in which Ty=300
K is the reference temperature, while AT is the rise of
temperature. In this paper, the temperature is consid-
ered uniformly rised in the beam.

Using the rule of mixture (alss known as the Voigt’s
model), an effective material properties, Py, such as
elastic modulus Ey, mass density p s, Poisson’s ra-
tio vy, thermal expansion coefficient o f with even
porosity distribution are given by

Pf (x,z, T) =
{ Z?:] Pl (Vi — g) for two surfacelayers (3)

P! for corelayer

where P/ (i=1,2,3) is the material property of Mj; a (a
<< 1)? is the porosity volume fraction. In case a=0,
the considered beam becomes is perfect, without any
porosities.

Governing equations

According to the hyperbolic shear deformation the-
ory 4, displacements of an arbitrary point in the beam
in x and z directions, uj(x,zt) and u3z(x,z,t), respec-
tively, are given by

uj (X,ZJ) = u(x’l) — Wy (xvt)+f(z)9(x7t)7
us (x,z,t) = w(x,t)

(4)

where u(x,t) and w(x,t) respectively denote displace-
ments in x and z directions of the point on the (x,z)
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Figure 1: A simply supported porous BFGSW beam model

plane; O(x,t) is the cross-sectional rotation, while ¢
denote the variable of time. A subscript comma in
Eq. (4) and in the below is used to indicate the deriva-
tive with respect to the variable that follows; the shape
function f(z) has the form

1 . z
f(z)—zcosh(i) —hsinh (ﬁ) (5)
The normal axial strain (&), and the shear strain (}y)

calculated from Eq. (4) are as follows

Exx = Ux —IW xx +f9.,X7
Yas = f,se

Assuming a linear elastic behavior for the beam mate-

(6)

rial, the relation between the stresses with the strains
are given by

Oxx = Ef (X,Z, T) 8)067

7
Txs = Gf (x7Z7T) Yas ( )

where oy, is the normal stress, T, is the shear stress;

Gr(x,z,T)= Z[Ef(X,z.,T)

M, o) is the effective shear mod-

ulus.
The elastic strain energy of the beam (Up) is calculated
as

1 rL
Up = */ / (OuxExx + TasYis) dAdx (8)
2Jo Ja

with A is the area of the beam cross section.
Using Egs. (6) and (7), one can rewrite Eq. (8) in the
following form

1 rL
Up = 5/0 (Ar1ud — At w
+A22W,2,rx +2A13u 50 —2A23W 32 0 x ©)
+As3 ch + B33 92)dx
where the rigidities A1, A1, Ao, A, Az, Az and
B33 are defined as follows

(A11, A12, Ax, Ars, Az, Az3)
= bfzf]3 Ef(x,2,T) %

(1,22, f (x),2f (2) . f? (2)] dz
B3y =b[2Gy(x,2,T) f2(2)dz

(10)

The strain energy due to the initial stresses by the tem-
perature rise (Ur) is calculated as 24

Ur = E/O Nrwidx (11)

where N7 denotes the thermal resultant, which can be
calculated as

NT (X,Z,T) = (12)
—bfzzo3 Ef(x,2,T) 0y (x,2,T) ATdz
The kinetic energy (T') of the beam is given by
T— l/L/ pr () (idid ) dadx (13)
2Jo Ja™

The over dot in the above equation and in the below
denotes the derivative with respect to the variable ¢.
From Eq. (4), one can recast the kinetic energy of the
beam in the following form

1 (L . . ..
T = 5/ [ (u2 +w2> — 2L uw ,+
0 ;

IzzWiC +2113I;£6 - 2]231;1/7)(6 +I339 ]dx

(14)

where I, 112, Iy, 113, b3, I33 are the mass moments
of the beam, which are defined as

(I1, ha, 1o, 13, b3, I33)
= bfzzg Py (X,Z) x
[1,2.2%,£(2),2f (2) . f* ()] dz

(15)

Finite element formulation

Differential equations described th motion of the
porous BEGSW beam in temperature environment
can be derived by using Hamilton’s principle for Egs.
(9), (11) and (14).
nal variation of the beam properties, the rigidities, the

However, due to the longitudi-

thermal resultant and the mass moments, which can
be seen from Egs. (10), (12) and (15), are dependent
on the axial coordinate x, and this causes difficulties
in deriving an analytical solution for such differential
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equations. In this regard, the finite element method is
employed herein to establish a discretized equation to
describe motion of the beam.

Following the finite element analysis, the beam is con-
sidered herewith into a set of two-node beam ele-
ments with uniform length of 1. The element has eight
degrees of freedom, and the vector of nodal displace-
ments (d) has the following form

d:{du dy dg}T (16)

where

dy = {Ml Mz}T7 dg = {91 92}T7

T (17)
dy = {Wl Wxi W2 W,XZ}

are, respectively, the nodal displacement vectors of the
u, wand 0. The superscript ‘T” in above equations
and in the below is used to indicate the transpose of a
matrix or a vector.

The displacements and rotation inside the element are
needed to interpolate from their nodal values as

u=Nd,, w=Hd,, 6 =Ndg (18)

with N = [N{N,] and H = [H{ HyH3 Hy4] denote the
interpolating function matrices of interpolation func-
tions. In the present work, the functions N; (i=1,2)
and H; (j=1--4) are chosen as linear and cubic Her-
mite polynomials, respectively °.

Using the interpolations, the strain energy (Up) of the
beam can be written in the following matrix form

1 nel
Ug=-2d kgd (19)

T2
in which nel is the number of elements necessary to
used for discreting the beam; kp is the stiffness matrix
of the element, and it can be written in submatrices as

kfu T kﬁw kge
SkBS - (kgw) kﬁw kﬁﬂ (20)
X

T T
(ko) (Kig)"  Kgo

In Eq. (20), kB,, kB, kB, kB, kB, KBy kB, are
the element stiffness matrices due to from the ax-
ial stretching, bending, shear, axial-bending coupling,
axial-shear coupling and bending-shear coupling de-
formation, respectively. These matrices have the fol-
lowing forms

kB, = [ENTA N dx,

kgw = fOl H.§XA22H,.Xde>

kE = [§ (NTA33N . +NTB33N) dx,
KB, = — [ N A H wdx,

kBy = [ENTA3N cdx,

KBy = [§HT Ag3N dx

21

The energy (Ur) due to the thermal effect in Eq. (11)
can also be written in a matrix form as

1 nel
Ur=5X dTkrd (22)
with
0O 0 O
kr = |0 krr 0| where kpp = fé H;NTHA’de.
8x8 4x4
0O 0 O
Thus, the total stiffness of the element is
k=kp+kr (23)

The matrix form for the kinetic energy is as follows

lnel.T .

(29)

where m is the mass matrix of the element, and it can
be written in sub-matrices as follows

M = [{NT I Ndx,

mgg = féNTI33NdX7

M = Jo (HT I H + H o H ) dx,
Myyy = —fé NT112H7xdx,

mug = [3 NTI13Ndx,

mye = —f(i H,EIZSNdx

(26)

Having the stiffness and mass matrices of the element
derived, one can establissh the discretized equation of
motion for the free vibration analysis of the beam with
the following form

MD+KD =0 (27)

In the above equation, D is structural vector of nodal
displacements M and K are the global mass and stiff-
ness matrices resulted from the assembly of the ele-
ment mass matrix m and stiffness matrix k over all the
elements, respectively. To determine the frequency @
we asume a harmonic form for the vector of the nodal
displacements in Eq. (27), and this lead to the eigen-
value problem of form

(K—w’M)D=0 (28)
where D stand for the vibration amplitude. The stan-
dard method for an eigenvalue problem can be ap-

plied to sole Eq. (28).
RESULTS AND DISCUSSIONS

This section presents numerical investigations to
highlight the influence of various factors such as the
beam material and geometry parameters, the porosi-
ties and the temperature rise on the free vibration of
the BFGSW beam with simply-supported ends. For
this end, a beam is considered to be made from alu-
mina (Al,O3) as My, zirconia (ZrO;) as M and steel
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(SUS304) as M3 with their material properties are
given in Table 1'5!6, The geometric data h=1 m,
b=0.5 m are used in the computations.

The frequency parameters, 11;, used in this paper are

introduced as follows

L* [psusioas
M = 0 — Psus3os
h '\ Esus3o4

where ; is the ith natural frequency. In order to
study the effect of the beam thickness ratio, three
numbers in brackets, e.g. (2-1-2) stands for that the

(29)

thickness ratio of the bottom, core and top layers is
adopted herein.

The proposed formulation is firstly verified before
For this
purpose, in Table 2, the frequency parameters of a
BFGSW.

beam with a ration of length-to-height, L/h=20, with-
out the influence of temperature obtained in the this

computing the vibration characteristics.

work are compared with the result in Ref.'® using the
sinusoidal beam theory and an enriched beam ele-
ment. One can see from Table 2 a good agreement be-
tween the frequency parameters of in this paper with
the ones of Ref. I°. Furthermore, the fundamental fre-
quency parameters of porous FG beam in the temper-
ature environment calculated in this paper are com-
pared with the results based on Euler-Bernoulli beam
theory and the Navier type method of Ebrahimi et
al.!! in Table 3 for different porosity parameter and
thermal loading. It is gain observed the good agree-
ment between the two results from Table 3.

The convergence of the proposed beam element in
calculating the vibration frequencies of the porous
BFGSW beam in a temperature environment is shown
in Table 4. In this table, the frequencies of (1-2-1)
and (2-2-1) beams are calculated for L/h=20, a=0.1,
AT=20 K and various power-law indexes nx and nz.
As seen in Table 4, convergence is achieved by using
eighteen elements derived herein, irrespective of the
power-law indexes.

The effect of temperature rise and grading indexes on
the first frequency parameter of porous BEGSW beam
with a=0.1, L/h=20, various layer thickness ratios is
presented in Table 5. The table shows that an increase
in the transverse index nz results in a decrease in fre-
quency parameters, regardless of the temperature rise,
axial poer-law index and the ratio of layer thickness.
It is easy to observe from Table 5 that rise of temper-
ature and the ratio of layer thickness have a significa-
tion effect on the frequency parameter. The first fre-
quency parameter is smaller for the beam associated
with a lower core thickness and a higher value of the
temperature rise, regardless of the power-law indexes.

The dependence of frequency parameter | on the
temperature rise and the grading indexes is also de-
picted in Figure 2 for the (1-2-2) beam. As observed
from Figure 2 and Table 5, the increase in temperature
rise affects the dependence of (1 on the axial grading
index n,. With low temperature rise, the frequency
parameter increases by increasing the axial grading
index ny, on the contrary, this rule is incorrect.

The variation of the first four frequency parameters of
(1-2-2) beam with the power-law indexes is illustrated
in Figure 3 for L/h=10, a=0.1, AT=20 K. It can be seen
from the figure that the higher frequency parameters
have similar relation with the power-law indexes as
the first frequency parameter does. All the frequency
parameters are increased when increase the thickness
index n, and they are decreased by increasing the in-
dex n;.

The influence of the porosities on the relationship of
the first frequency parameter | and the power-law
indexes is shown in Figure 4 for (1-2-2) beam. Differ-
ent porosity parameters are considered as a={0, 0.1,
0.2} along with L/h=10, AT=20 K. Figure 4a shows
that increasing the value of porosity parameter leads
to an increase in the frequency parameter with the
transverse power-law index #; in the range from 0
to 0.6, and a decrease in the parameter y; with the
decrease of the index 7, in the range from 0.6 to 5.
Meanwhile, as seen from Figure 4b, the parameter
U1 increases by increasing the porosity parameter, re-
gardless of the axial grading index ;.

Figure 5 and Figure 6 show the variation of the first
frequency parameter p; of BFEGSW beams with tem-
perature rise for different power-law indexes and the
porosity parameters, respectively. As can be observed
from these figures, the first frequency parameter de-
creases by increasing the rise of temperature, irrespec-
tive of the power-law indexes, the porosity parameter
and the beam layer thickness ratio. However, for the
case of asymmetric beam, Figure 6b, this only occurs
for a temperature rise larger than 25 K.

The effect of the length-to-height ratio on the first fre-
quency parameter of (1-2-2) beam can see from Fig-
ure 7, where the variation of the first frequency pa-
rameter with the length-to-height ratio is shown for
different porosities, Figure 7a, and different tempera-
ture rises, Figure 7b. In the case of AT=0, as seen from
Figure 7a, the parameter {1 increases when increase
of the length-to-height ratio, regardless of the poros-
ity parameter. The rise of temperature has an impact
effect on the shape of the frequency parameter- tem-
perature rise curves, as can be seen from Figure 7b.
The first frequency parameter firstly increases, and it
then decreases when increase value of the length-to-
height ratio L/h.
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Table 1: Temperature dependent coefficients of Young’s modulus E, mass density p, Poisson’s ratio v, thermal
expansion a for constituent materials of the BFGSW beam

Properties Material Po P
E (Pa) Al O3 349.55x10° 0
SUS304 201.04x10° 0
Zr0, 132.2x10° 0
p (kg/m?) ALO; 3800 0
SUS304 8166 0
ZrO, 3657 0
v AL O3 0.26 0
SUS304 0.3262 0
ZrO, 0.3330 0
o (K1) Al O3 6.8269x10~° 0
SUS304 12.330x107° 0
Zr0y 13.300x10° 0

P P2 P3
-3.853x10~* 4.027x1077 1.673x10~ 10
3.079x10~* -6.534x107’ 0
-3.805x10~* -6.127x107% 0
0 0 0
0 0 0
0 0 0
0 0 0
-2.002x10~* 3.797x1077 0
0 0 0
1.838x10~4 0 0
8.086x10~* 0 0
-1.421x1073 9.549x10~7 0

Table 2: Comparison of the first frequency parameter of BFGSW beam for L/h=20 and different power-law
indexes and layer thickness ratios (without thermal stresses)

ny n; 1-0-1 2-1-2 2-1-1 2-2-1
Ref.15 Presen Ref.15 Presen Ref.15 Presen Ref.15 Present
0.5 0.5 44296 4.4387 4.5289 4.5357 4.6033 4.6095 47067 4.7114
1 3.9099 3.9098 4.0451 4.0450 4.1666 4.1666 43174 4.3175
2 3.4644 3.4643 3.5960 3.5959 3.7675 3.7676 3.9472 3.9473
5 3.2093 3.2091 3.2607 3.2606 3.4699 3.4700 3.6379 3.6381
1 0.5 4.4992 4.5076 4.5900 4.5963 4.6590 4.6648 4.7545 4.7589
1 4.0258 4.0257 4.1461 4.1461 4.2578 4.2578 4.3949 4.3950
2 3.6296 3.6295 3.7417 3.7416 3.8971 3.8972 4.0572 4.0573
5 3.4123 3.4121 3.4474 3.4472 3.6343 3.6344 3.7797 3.7798
5 0.5 4.6481 4.6550 4.7210 4.7262 4.7788 4.7836 4.8574 4.8611
1 42712 4.2711 4.3613 4.3612 4.4523 4.4523 4.5609 4.5609
2 3.9756 3.9755 4.0489 4.0488 4.1713 4.1713 42913 4.2914
5 3.8324 3.8322 3.8374 3.8373 3.9788 3.9789 4.0793 4.0794
CONCLUSIONS both the axial and transverse directions by the power-

The effects of the porosities and the rise of temper-
ature on vibration characteristics of a three-phase
BFGSW beam has been investigated in this paper
in the framework of the hyperbolic shear deforma-
tion beam theory. The sandwich beam composed
of an isotropic homogeneous core and two face lay-
ers of three-phase composite material. The material
properties of the face layers are considered to vary in

laws functions. A simple eight degrees of freedom fi-
nite element formulation was formulated and used to
establish the discretized equation of motion for the
beam. The accuracy and convergence of the proposed
formulation have been validated by comparing the
present results with the ones available in the litera-
ture. The numerical results obtained in the present

work show that the temperature rise, the material dis-
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Table 3: Comparison of the first frequency parameter of porous FG beam with different porosity parameter and

thermal loading (n,=0, L/h=20)

AT a n;=0.1 n;=0.2 n;=0.5 n;=1
Ref.11 Present  Ref.11l Present Ref.11 Present Ref.11 Present
20 0 4.6535 4.6462 4.3866 4.3853 3.8973 3.9020 3.5192 3.5292
0.1 4.8339 4.8285 4.5215 4.5230 3.9597 3.9688 3.5345 3.5508
0.2 5.0693 5.0665 4.6924 4.6978 4.0327 4.0479 3.5470 3.5718
40 0 4.4516 4.4388 4.1782 4.1719 3.6778 3.6786 3.2923 3.2996
0.1 4.6575 4.6464 4.3385 4.3349 3.7657 3.7710 3.3334 3.3472
0.2 4.9182 4.9095 4.5346 4.5347 3.8638 3.8752 3.3713 3.3938
80 0 4.0148 3.9894 3.7212 3.7037 3.1833 3.1763 2.7692 2.7722
0.1 4.2828 4.2585 3.9442 3.9290 3.3361 3.3334 2.8776 2.8872
0.2 4.6038 4.5809 4.2009 4.1886 3.4962 3.4994 2.9792 2.9979

Table 4: Convergence of the beam element in evaluating frequency of porous BFGSW beam with L/h=20, a=0.1,

AT=20 K
Beam iy n; nel=6 nel=8 nel=10 nel=12 nel=14 nel=16 nel=18
1-2-1 0.5 0.5 4.2525 4.2524 4.2523 4.2523 4.2523 4.2523 4.2523
2 3.5804 3.5803 3.5803 3.5802 3.5802 3.5802 3.5802
5 3.3146 3.3145 3.3145 3.3144 3.3144 3.3144 3.3144
3 0.5 4.3125 4.3123 4.3123 4.3122 4.3122 4.3122 4.3122
2 3.5926 3.5924 3.5924 3.5923 3.5923 3.5923 3.5923
5 3.2872 3.2870 3.2870 3.2870 3.2870 3.2870 3.2870
2-2-1 0.5 0.5 4.1954 4.1951 4.1950 4.1950 4.1950 4.1950 4.1950
2 3.4720 3.4716 3.4715 3.4714 3.4714 3.4713 3.4713
5 3.2081 3.2077 3.2075 3.2074 3.2074 3.2073 3.2073
3 0.5 4.2813 4.2810 4.2809 4.2809 4.2808 4.2808 4.2808
2 3.5115 3.5108 3.5106 3.5104 3.5104 3.5103 3.5103
5 3.2158 3.2150 3.2146 3.2145 3.2143 3.2143 3.2143
tribution and the beam geometry are important fac-  CONFLICT OF INTEREST
tors that significantly influence the natural frequen- There is no conflict of interest.
cies of the BEGSW beam. Though the numerical in-
vestigations are carried out in the presented work for AUTHORS’ CONTRIBUTION

the beam with simply supported ends only, the for-
mulation proposed herein can be used to study vibra-
tion of three-phase BFEGSW beams with other types of
boundary conditions as well.

ACKNOWLEDGEMENTS

This research is funded by University of Transport and
Communications (UTC) under grant number T2023-
CB-003.

Pham Thi Ba Lien: validation, formal analysis, writing
draft.
Vu Thi An Ninh: software, review and editing.

REFERENCES

1. Ghatage PS, Kar VR, Sudhagar PE. On the numerical modelling
and analysis of multi-directional functionally graded com-
posite structures. A review, Composite Structures. 2020; 236:
111837;Available from: https://doi.org/10.1016/j.compstruct.
2019.111837.

71


https://doi.org/10.1016/j.compstruct.2019.111837
https://doi.org/10.1016/j.compstruct.2019.111837

Science & Technology Development Journal - Engineering and Technology 2023, 5(S12): 65-76

= )
AT
i,
4 1 RN
T
A T T e e
RS
3.3 R =
(a) AT=0K
3

3.7 ; AN
A AN e
A A
R
SRR
R
=

(c) AT=40K

(b) AT=20K

(d) AT=80K

Figure 2: Variation of the first frequency parameter ; of (1-2-2) beam with the power-law indexes for different

temperature rise (L/h=20, a=0.1)

. Mahi A, Bedia EA, Tounsi A, Mechab I. An analytical method for
temperature-dependent free vibration analysis of function-
ally graded beams with general boundary conditions. Com-
posite structures. 2010; 92: 1877-87;Available from: https://
doi.org/10.1016/j.compstruct.2010.01.010.

. Trinh LC, Vo TP, Thai HT, Nguyen TK. An analytical method for
the vibration and buckling of functionally graded beams un-
der mechanical and thermal loads. Composites Part B: Engi-
neering. 2016; 100: 152-163;Available from: https://doi.org/
10.1016/j.compositesb.2016.06.067.

. ThomTT, Kien ND. Free vibration analysis of 2-D FGM beams in
thermal environment based on a new third-order shear defor-
mation theory. Vietnam Journal of Mechanics. 2018; 40: 121-
40;Available from: https://doi.org/10.15625/0866-7136/10503.

. Pradhan SC, Murmu T. Thermo-mechanical vibration of FGM
sandwich beam under variable elastic foundations using dif-
ferential quadrature method. Journal of Sound and Vibration.
2009; 321: 342-362;Available from: https://doi.org/10.1016/).
j$v.2008.09.018.

. Setoodeh AR, Ghorbanzadeh M, Malekzadeh P. A two-
dimensional free vibration analysis of functionally graded
sandwich beams under thermal environment. Proceedings of
the Institution of Mechanical Engineers, Part C: Journal of Me-
chanical Engineering Science. 2012; 226: 2860-2873;Available
from: https://doi.org/10.1177/0954406212440669.

. Tran TT, Nguyen NH, Do TV, Minh PV, Duc ND. Bending and
thermal buckling of unsymmetric functionally graded sand-
wich beams in high-temperature environment based on a
new third-order shear deformation theory. Journal of Sand-

12.

wich Structures & Materials. 2021; 23: 906-930;Available from:
https://doi.org/10.1177/1099636219849268.

. Wattanasakulpong N, Ungbhakorn V. Linear and nonlinear vi-

bration analysis of elastically restrained ends FGM beams with
porosities. Aerospace Science and Technology. 2014; 32: 111-
120;Available from: https://doi.org/10.1016/j.ast.2013.12.002.

. Ait Atmane H, Tounsi A, Bernard F. Effect of thickness stretch-

ing and porosity on mechanical response of a functionally
graded beams resting on elastic foundations. International
Journal of Mechanics and Materials in Design. 2017; 13: 71-
84;Available from: https://doi.org/10.1007/s10999-015-9318-
X.

. Akbas SD. Thermal effects on the vibration of functionally

graded deep beams with porosity. International Journal of
Applied Mechanics. 2017; 9: 1750076;Available from: https:
//doi.org/10.1142/S1758825117500764.

. Ebrahimi F, Ghasemi F, Salari E. Investigating thermal effects

on vibration behavior of temperature-dependent composi-
tionally graded Euler beams with porosities. Meccanica. 2016;
51: 223-249;Available from: https://doi.org/10.1007/s11012-
015-0208-y.

Ebrahimi F, Jafari A. A four-variable refined shear-deformation
beam theory for thermo-mechanical vibration analysis of
temperature-dependent FGM beams with porosities. Me-
chanics of Advanced Materials and Structures. 2018; 25: 212-
224;Available from: https://doi.org/10.1080/15376494.2016.
1255820.

. LiuY, Su S, Huang H, Liang Y. Thermal-mechanical coupling

buckling analysis of porous functionally graded sandwich

72


https://doi.org/10.1016/j.compstruct.2010.01.010
https://doi.org/10.1016/j.compstruct.2010.01.010
https://doi.org/10.1016/j.compositesb.2016.06.067
https://doi.org/10.1016/j.compositesb.2016.06.067
https://doi.org/10.15625/0866-7136/10503
https://doi.org/10.1016/j.jsv.2008.09.018
https://doi.org/10.1016/j.jsv.2008.09.018
https://doi.org/10.1177/0954406212440669
https://doi.org/10.1177/1099636219849268
https://doi.org/10.1016/j.ast.2013.12.002
https://doi.org/10.1007/s10999-015-9318-x
https://doi.org/10.1007/s10999-015-9318-x
https://doi.org/10.1142/S1758825117500764
https://doi.org/10.1142/S1758825117500764
https://doi.org/10.1007/s11012-015-0208-y
https://doi.org/10.1007/s11012-015-0208-y
https://doi.org/10.1080/15376494.2016.1255820
https://doi.org/10.1080/15376494.2016.1255820

Science & Technology Development Journal - Engineering and Technology 2023, 5(S12): 65-76

D)

A

Y
2

3.9 n \§§§3\
3.2
0 0
25 25
n, 5 5 n
X

Figure 3: Variation of the first four frequency parameters of (1-2-2) beam with the power-law indexes for L/h=10,
a=0.1, AT=20K

4.45 T T ; ;

4.4

4.35

4

43

4.25-¢

42 T N N
0

Figure 4: Variation of fundamental frequency parameters of (1-2-2) beam with the grading index for L/h=10,
AT=20 K and different porosity parameters



Science & Technology Development Journal - Engineering and Technology 2023, 5(S12): 65-76

Table 5: Fundamental frequency parameter of porous BFGSW beam with different temperature rise, grading
indexes and layer thickness ratios (a=0.1, L/h=20)
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Figure 5: Variation of first frequency parameter of (1-2-2) beam with temperature rise for L/h=20, a=0.1: (a) n,=0.5
and index n; is variable; (b) n,=0.5 and index is n, variable
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TOM TAT

Su hiéu biét vé &nh hudng clia mot s6 yéu té thuc té dén tan sé riéng clia dam ddéng vai trd quan
trong trong thiét ké loai két cdu nay. Anh hudng clia nhiét dé va 16 réng vi mé t6i dao déng tu do
ctia dam sandwich ba pha cé co tinh bién thién hai chiéu (BFGSW) dugc nghién ctu lan dau tién
trong bai bdo nay. Dam sandwich gém 16i thuan nhat va hai l6p mat lam ti vat liéu composite ba
pha. Cac tinh chat cla vat liéu I6p mat bién déi lién tuc theo ca chiéu dai va chiéu cao dam theo
ham s& m0 va ching dugc danh gia bang mé hinh Voigt. Tai nhiét tang déu va su phan bé 16 réng
vimé la déu cling dugc xét dén. Nang lugng bién dang, déng néng clia dam cling nhu nang lugng
do nhiét d6 gay ra da dugc xay dung dua trén ly thuyét bién dang trugt hyperbolic. Phan t&r dam
hai nut v&i tdm bac tu do da dugc xay dung va st dung dé thiét lap phuong trinh chuyén déng
dang r&i rac cho dam. D6 chinh xéac clia phuong phap dé xuat duge khdng bang cach so sanh
tham s6 tan s6 co ban vai cac tai liéu trude dé. Dam vai bién tua hai dau da dugc st dung trong
nghién ctu s6. Su hoi tu clia phan ti dam cling dugc ddnh gid trén tan s6 co ban. Anh huéng clia
su tang nhiét do, ty phan thé tich 16 réng, chi s vat liéu, ty s6 chiéu dai va chiéu day cing nhu ty
s6 do day cac I6p dam lén dac trung dao dong da duoc nghién clu va thao luan chi tiét. Tém lai,
cac tham s6 ctia dam BFGSW, tham s6 16 rdng va su tang nhiét do dong vai trd quan trong déi véi
tan s clia dam, va su hiéu biét nay giup ta thiét ké cac két cdu dang dam vdi tan sé mong mudn.
Tu khoa: Dam BFGSW ba pha, ly thuyét hyperbolic, 16 rdng, tan sé dao ddng, phuong phap phan
t& hu han
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